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Abstract— When a multi-body tractor-trailers (N-trailer) ve- It seems to be a natural motion objective when one considers

hicle has to follow a varying-curvature reference path, the N-trailer vehicles following public roads. In this context
unavoidable effect of a non-zero off-track occurs for most bthe location of a single guidance point on a last trailer or on

vehicle segments. The boundary off-track determines a mimal . .
width of an envelope around the path which must be kept & tractor segment may be undesirable, because it usually

obstacle-free to ensure safe motion of a vehicle. The caseatike  leads to the envelope of unacceptably large width. Some
control strategy presented by the author in his previous woks  researchers tried to minimize the off-tracks by modifying
is generalized here to enable minimization of the envelopeidth  the N-trailer mechanical structure introducing e.g. thd-sl
by introducing and utilizing the so-called virtual guidance point g kingpin mechanism [12] or steering ability for wheels
of a vehicle being a linear weighted combination of postures f the trail 151 116]. Reducti f th ff-tracks f
of all the vehicle segments. Application of the proposed carol 0 € tral e_rs [15], [ _]' e _UC on o € ofi-tracks Tor
Strategy with appropriate|y chosen Weights allows reducig the the Convent|0na| N-trallerS (W|th non'steerable Wheeld an
boundary off-track for the N-trailers equipped with off-axle fixed kingpin hitches) by designing an appropriate feedback
hitches. Exemplary simulation results show efficacy and ulity  control strategy was addressed for the first time by Altafini,
8; thhiE:rTiWr?thggsfeotrsa vehicle with three trailers and mixed sigrs 1 considered in [3] and [4] autonomous path-following
9 ' 'with reduced off-tracking’ for the N-trailer robots mowgn

I. INTRODUCTION forward. He proposed two locally valid solutions for the

The autonomous path-following task belongs to classic&t€neralized N-Trailer (GNT, see [2]) based on the input-
motion problems formulated for mobile robots [10]. A def-Output linearization concept: simple PD-like controller f
inition of the task is usually stated with respect to the sothe case of constant-curvature paths [4], and much more
calledguidance pointocated on a vehicle in a specific placecomplex control law for the case of varying-curvature paths
[17]. The concept has been adopted also to the multi-bod§]- The path-following task has been defined there as an
N-trailer robots (shortly: N-trailers, see Fig. 1) comjgga  OUtput stabilization pro_blem with the output d_eflned as asum
tractor and an arbitrary number oF trailers interconnected Of signed orthogonal distances of all the vehicle segments t
by passive rotary joints [18], [6], [7], [13]. In this case, the reference path _(s_ee also [9]). To the author’s knowledge
the guidance point has been mostly selected as a midpoth€ Works of Altafini presents the only feedback control
of a wheels axle located on a last-trailer or on a tractotolutions to the path-following problem with a reduced off-
segment. Such an approach is especially justified in task@ck available in the literature so far. o
where the guidance point reflects location of a working tool An objective of this article is the generalization and
or a working place expected to follow a reference path s&daptation of the cascade-like control strategy recentty p
accurate as possible. An unavoidable side effect of su@¢nted in [13] to the task of forward path-following with
a task formulation is the presence of so-calleffitracks reduced boundary off-track for the non-Standard N-Trailer
appearing in motion of other vehicle segments (except tH8SNTS, see [11]) equipped solely with off-axle hitching,
guidance one). The off-tracks are especially large and-tim¥hich were excluded from solutions presented in [3] and
varying in the case when a long vehicle follows a referencé]- In contrast to [3] and [4], the new approach does not
path of a high and variable curvature [8], [1]. require to compute/measure the shortest distances oflgehic

Yet, many practical applications enforce slightly difiere Segments to a reference path. Thus, the novel method re-
formulation of the path-following objective when the longmoVves Iimitations of an.initial vehicle configuration impgaks
multi-body vehicles are considered. Instead of expectingy Solutions proposed in [3] and [4]. Thanks to the cascade-
accurate reproduction of the path by a single guidance poifike approach, the new control law is highly scalable with
one often requires only approximate reproduction of th&eSPect to a number of trailers also in the case of varying-
path, however by all the vehicle segments. Their positiorféirvature reference paths (contrary to [3]). The key pofnt o
should be kept within some envelope around the path dpe concept comes from introduction and utilization in the
assumed (small enough) or available width to guarantee sgRedback controller of the so-calledrtual guidance point

(collision-free) motion conditions for all the vehicle Hed. P€ing a weighted linear combination of postures of all the
vehicle segments. By selecting the weights, one can flexibly
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expressed in the body frame). The tractor velocity vector
ug = [wo vo] T € R? is the only vehicle control input being at

a control designer disposal. The nSNT kinematics depend on
two kinds of parameters: trailer lengtlis > 0 and hitching
offsets L,; # 0, where L;,; > 0 if the hitching point is
locatedbehindthe wheels axle of a preceding segment, while
Lp; < 0in the opposite case (see Fig. 1). Due to the obvious
mechanical reasons we assume thaf;| < L; if Lp; < 0.
Due to interconnections between particular vehicle segsnen
their motion is not independent — velocity vectors of any two
neighboring segments with kinematics (1) are related th eac
other by the formula

s — {—LL—’fCﬁi L%Sﬂi
’ Ly sB; cB;
where transformation matrid;(3;) is invertible for anys;
if only Lj; # 0 allowing us to write

—L; 1
718 = | TR B TSB
Ui—1 = Jl (ﬂl)ul = |:Lz Sﬂi Cﬁi :| ;. (3)
By combining (1) with (2) one easily finds a relation joining
the control inputu,(t) with postureg;, namely:
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0
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%
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} wi—1 = Ji(Bi)ui—1, (2)

ai(t) = q:(0) + /0 Glgi(O)H (Euo(©)de,  (4)

where H;(¢) := I = diag{1,1} € R**2 for i = 0, while
1 .
Hz(f) = Hj:i Jj(ﬁj(g)) fori=1,...,N.
fi Since positiong; of points P; are restricted at any time
X, X instant by two holonomic constraints (see Fig. 1)

Fig. 1. Kinematic structure of the nSNT vehiclé,(; # 0 for all i = xi—1(t) = x;(t) + Licos0;(t) + Lp;cosB;—1(t), (5)
1,...,N) with mixed signs of hitching offsets (hetgy,s < 0) ,%'71(0 _ (t) + L;sin6, (t) + Ly sin eifl(t)a (6)

for a vehicle becomes possible. The paper presents forntBf configurationy of the overall N-trailer can be uniquely
definition of the control problem, derivation of the general'ePresented by a minimal number &f+ 3 components
ized cascade-like control law, and illustrates influencéhef A T 8 N 3

weights on the obtainable boundary off-track in the closed- 9~ [Br ... Bn O 2y y] = LU eT" xR (7)

loop system. where3 is the joint-angles vector, thah joint angle

I1. KINEMATICS AND PROBLEM FORMULATION B; = 0;_1 — 0; (8)
1T Yi— 2l

A. Kinematics of N-trailers with non-zero hitching offsets whereasq, = [0, #; y;]T = [60; pjT]T is a posture of

Kinematic structure in Fig. 1 presents the nSNT vehicle i'&ny selected vehicle segment fgre {1,....,N}. As a
the global frame{z“,y“}. The vehicle comprises a¥ + 1 consequence, (7) defines the minimal set of measurements
segments: a tractor (indexed by zero) and a numbeNof \hich shall be available in practice to uniquely determine
traller§ interconnected by. passive rotary joints. Pasid  position, orientation andhapeof the vehicle chain in a task
everyith vehicle segment, = 0,..., N, is determined by space. A kinematic model of the N-trailer can be expressed

the midpoint P;(z;,y;) of the wheels axle, while its ori- in a compact form of the driftless system (cf. [11], [13])
entation by anglé;. Assuming the rolling-without-skidding

motion condition for all the vehicle wheels (represented by g= [5] = [ S55(8) ] o, 9)
the nonholonomic constraink; sinf; — 7; cosd; = 0 for g; S;(8.4;)
i = 0,...,N), one can consider everith vehicle body where

as unicycle T (B)
T 71
1 0 . 0; 0. P e T (B2)J1(51) g _ dEJ{Zﬁ(?C)@
L [w?}:G(‘“)“”’ @ | :M’ - 5 S Do vsowid
o g ¢ T ()Y (8) 1%

(1)
wherew; and v; are, respectively, the angular velocity ofand J} (8) £ J;(8;)J;-1(8;-1) ... J1(B1), Ti(Bi) = I —
the ith segment and longitudinal velocity of poift (both  J;(3;), I = diag{1,1} € R?*2, ¢ 21 0],d" 20 1].



B. Control problem formulation contrast, the control problem formulated in Definition 1 sloe
Let us consider the unicycle-admissible reference ]patﬁ‘o'[ require (however does not exclude) exact reproduction

) = [Bar(s) ... Ban(s) Oal(s) p) (s)]T, where of the path by any characteristic point of a vehicle, but it is
9a(s) = [ar(s) - an(s) Ba(s) pa ()] ) rather expected thatll the characteristic points of a vehicle
Pq(s) = [Id(S) yd(S)] eR (10) (approximately) follow the reference path by staying iesid

the boundary set of a minimal width. Hence, the control

problem stated above includes the classical path-follgwin

problem as a special case. Only in two particular cases —

for rectilinear paths and for circular paths if;, = L;; —

B. & U B(pa(s),e) C R% the classical and the above stated path-following problems
5€[0,00) coincide leading to the perfect (asymptotic) reproductién

Geometrical interpretation of the boundary set has bedhe reference path by all the characteristic points of aclehi
illustrated in Fig. 2, wherd3. determines th@c-wide sym- (the boundary off-track = 0).

metrical envelope around the reference path. The envelope I1l. CONTROL STRATEGY DESCRIPTION

A. The reference path and the virtual guidance point

To make adoption of the control strategy proposed in [13]
possible (cf. also [14]) let us assume that the positional
reference path, in contrast to the parametrized form (#0), c
be determined as a set of pait&;, y4) satisfying equation

F(Idvyd) £ Uf(xdvyd) =0, o€ R\ {O}v (12)

is parametrized by the curvilinear path-lengthe [0, ).
Define the two-dimensional bal¥(p4(s), ) of radiuse > 0
centered at poinp,(s), and the boundary set

: " reference path 5

_ : N > whereo is a design parameter, the sign of which determines
. X, desired motion direction along the path, cf. [13]. Follogin
Fig. 2. lllustration of the positional reference path(s), pathp; drawn [14] and [13], we assume that(z,y) s well defined for

by the ith characteristic poin#;, and definitions of the boundary s&  (x,y) € D C R2?, that is: F(x,y) is bounded and at
and orthogonal off-track erroe;-(s(t)) least twice differentiable guaranteeing existence ofvderi
will represent the minimal free space required for the Ntives F,(z,y) = OF(z,y)/0z, F,(z,y) & 0F(z,y)/dy,
trailer to safely maneuver along the reference path. Thus,F.,.,(z,y) = 0?°F(x,y)/021022, 21,22 € {x,y}, while

~

will correspond to théboundary off-trackof the N-trailer gradient VF(z,y) = [Fu(z,y) Fy(z,y)] is such that
| VE(z,y)|| >0 for (z,y) € D.
€2  max {sup I ef(s(t))H} : (11) Let us introduce theirtual guidance poinbof a vehicle
i€{0,....N} \¢+>T _
0(q, w) N
wheree;-(s(t)) £ p:(t)—pa(s(t)) is the orthogonal off-track dlg,w) = |z(q,w)| & Z“’i‘h’ (13)
error determined for poink; of the vehicle along a reference 7(q, w) i=0
foa?et(%ee Fig. 2). Lel’ = T'(¢, ¢(0)) be a convergence time being the weighted linear combination of postuggof all

the vehicle segments (see (1)), where the weights in vector
Definition 1 (Control problem):Design a feedback con- w = [wy ... wy]' are such that
trol law wq(q, g4, -) which applied into (9) ensures bound-

> wog+wy+...+wy =1. (14)
edness| g(t)|] < oo for all ¢ > 0, and the existence of a
time instantT'(¢, g(0)) € [0, c0) such thatvt > T hold: The virtual guidance point (13) can be considered as a
(1) v(t)>0fori=0,...,N, (weighted) averaged posture of the N-trailer vehicle; il wi
@010 , . be used in the next section to the control law derivation.
() pi(t) = | 1| 2() € Be forall i =0,..., N with Having the reference path defined by equation (12), the
the minimal boundary off-track (11). values ofF(q;) = o f(z;,y;) and F'(q) = o f(z,y) can be

.. . i treated asigned distanceBom, respectively, théth vehicle
Condition (1) imposes the forward motion strategy for a"segment and the virtual guidance point of a vehicle to the

the vehicle segments. Condition (II) makes the above prOlPéference path(note that by definition (12)F(q;) = 0 and
lem qualitatively different from the classical path-follmg F(g) = 0 only if points (z:,v;) and (z, ), respectively, are
task. In the latter case, one usually expects asymptotic foéxactly on the reference pjath). Furthérmore, if mapging
lowing of the reference path by a single characteristicpein ¢\, -\, that locally around zepe;-|| < (|F(gi)|) Vi, where
the so-calledguidance poindf a vehicle, usually selected at &) i 5 positive definite and strictly increasing function,
Py or Py. Furthermore, in the classical approach time eVO'“t‘nen the boundary off-track (11) locally satisfies

tion of remaining characteristic points (except the guaan

one) is secondary if only boundednessyéf) is satisfied. In < max {Sup,{(|F(qi(t))|)} ) (15)
i€{0,....N} (e>T
1The unicycle-admissibility of the reference path means that vector
[04(s) zq(s) ya(s)] T satisfies unicycle kinematics for all > 0. 2However, F(+) is not equivalent to the Euclidean distance [14], [19].



Thus, minimization of the boundary off-track defined by (11where matrixT'(q, w) € R3*? depends only on weights
can be replaced by minimization of all the signed distance® = [wy ... wy]' and on measurable configuration (7)
F(q;(t)) fori=0,...,N and for allt > T. due to the existence of geometric constraints (5), (6), 8nhd (

B. Derivation of the cascade-like controller Equating the right-hand sides of (21) and (17) with utilizat
of postulate (18) yields

For the purpose of further analysis let us define the
guidance erroras a function of the virtual guidance point G(q)®(y(q),vq) = T'(q, w)uo.

y(q) = [mggﬂ - [g((q))} - [0 Gf%(d:_,)y)] , (16)  Now, assuming thaF(g(t),w) has a full rank for alt > 0,
b2 1 Y solution of the above equation with respectutg yields the
where 9d(f,§) £ Atan2(—Fw(i,g),Fy(:E,g)) S (—7T,7T] control law
is a tangency-angle to the level cur¥gz, ) = ¢, while

04(z4,y4) becomes a reference orientation along (12). uo(q, w,v4) £ T(q, w)G(q)®(y(q),v4), (22)
In the first step of a control law derivation we assume + S )
that time-evolution of the virtual guidance point can bevhereI'" = (I''T)~'T'" is the left pseudo-inverse of

(approximately) governed by unicycle-like kinematics, i. - Worth noting that control law (22) has a cascade-like
structure illustrated by the block scheme in Fig. 3 with the

-
g2 Gc@u Gl@Y [1 o 0 } (17) outer-loop feedback controlle(y(q),va) and the inner-

0 cosf sin loop transformation represented by prodiié{q, w)G(q).
with virtual control inputa = [a; us]T € R2. The main On the scheme, the terms and v, determine the refer-

control concept is based on the postulate that the guidance

error (16) can be made bounded and convergent to some ‘
neighborhood ofyiim = [2um 0T, u € {0,£1,...} by o cuterioop ¢ —| innerloop Wl \sNT q
forcing —Ayl controller — G kinematics

. . . (y(q) w)} 2

u=%o ,V4) = = € R7, 18 — —

W@ = [0 1) q w

where®(-) is .the feedback _cont_rol function originally pro- qui d”;:fc‘e‘”’fomt
posed for unicycle kinematics in [19] and [14], and then calculation

adopted to the N-trailers in [13]. In the case of forward _
motion strategy, the feedback control function takes tefo  Fig- 3. Block scheme of the proposed cascade-like contrstesy.

(cf. [19] and [13]): ence path and reference velocity, respectively, while=
va | V@I F@ | o = . [wo ... wy]T is a vector of user-defined weights which
P L —k <W +F(q>> +04(q) . (19) determine instantaneous location of the virtual guidance
Vg point of a vehicle. Let us comment three properties of

controller (22) which will be denoted in the sequel®y-P3

P1: It is not hard to check that when the virtual guidance
point is particularly selected ag= q;, that is, ifw; = 1 and
w; = 0 for j # 4, then assumption (17) is strictly satisfied

where k& > 0 is a design parameter; = const > 0
is a desired longitudinal velocity prescribed for the \aitu
guidance point, whereas

F(q) = va [Fu(z, ?)Cé + Fy(f% y)] , and control law (22) takes the special form proposed in [13]:
. Fi(q)co + Fr(q)sd }
04(q) = va 1(9) - 2(211) ’ i
) Cve@e o uo(g,va) = [[ 7' (8)®(y(ai).va).  (23)
Fi(q) = Fu(2,9) Py (2, 9) — Fy(Z,9) Fou (7, 9), Jj=1
(@) = Fo (T, 9) Fyy (7, 9) = Fy(2,9) Fey (7, 9), Thus, (22) can be treated as a generalization of the control
| VE@Q)|? = F2(z,7) + Fj(a‘:, 7). strategy presented in [13] for the case of forward motiore Th

Now, the objective is to find how to satisfy postulate (18’rnain purpose of the generalization is to provide ability for

: : . - T
by appropriate definition of the tractor control inpug. To ][nore frI1eX|bIe s_ellect|0n of V_velggtﬁl; [wo.' " E)N] (ap_a_rt .
this aim, one can utilize definition (13) with equations (1) rom the special set mentioned above) in order to minimize

and (2) to show that the boundary off-track of a vehicle controlled by (22).
N N P2: Upon the main result presented in [13], one can state
= (13) . @) that application of control law (22) in its special form of3}2
= iqi = iG(gi)ui - : : L
d ;w a ;w (a;)u into kinematics (9) with sign-homogeneous offséfs; < 0
B B for j = 1,...,i guarantees asymptotic convergence of guid-

N 1

2 _ _ s ance error (16) to the poinf, = [2u7 0]T for all initial
= |woGlao) +Zle(qZ)HJJ(BJ) uo  (20) conditionsy(g(0)) with (z(0),7(0)) € D and outside the

set{0 = (2u + 1), F(q) = 0}. Furthermore, convergence
= I'(g, w)uo, (1) of the guidance error entails local asymptotic stability of

i=1 j=i



joint-angle errorséj = B4 — B, j = 1,...,4, for the so- IV. SIMULATION EXAMPLES
called segment-platooning (S-P) reference patime may Effectiveness of the proposed control strategy has been il-

expect that the rest of joint angle§ for j = i +.1.’ o N . _lustrated by two sets of simulations: for the circular refere
shall stay bounded thanks to structural stability of joint- ath defined by equation? + y2 — R2 = 0, Ry — 1.5m
g TYq — g = Uy g = Lo,

angles dynamics in (9) for the forward motion strategy (thaR . .
is for v, > 0). Although in this case the virtual guidanceand for the sine-type reference path represented by equatio

L . ya — 1.5sin(0.8z4) = 0. The vehicle kinematic parameters
point § = g; can asymptotically follow the reference path : .
. and control design parameters have been chosen as follows:
accurately, the boundary off-track of a vehicle can be exce

. . . . = 0.7Tm, Lp; = —0.1m, Ly = L3 = 0.6m, Lo =
sively large. Since, in essence, the asymptotic convermyen¢' 0.7 hi 0 2 3 =06 h2

. . . 3 = +0.1m, k = 2, vg = 1.5m/s,oc = +1. Seven tests
of guidance error (16) is not the control objective here . . .
: . were performed for the circular path with different sets of
the more general selections of weighis, ..., wy may be

N . . weights, S1 to S7, collected in Table I. The table includes
beneficial in reducing the boundary off-track. Following th values of boundary off-track and biash obtained under

result recalled above, one may expect that also for mote . - . . .
. . . steady motion conditions for particular sets of weightsiclvh
general sets of weights, for which assumption (17) may bhe

satisfied only approximately, the guidance error (16) wéll b, o © been computed as= max{|Ry — Ry, [Ra = Fml},
. : b = 0.5(Ry + R.) — Ra, where Ry, and R,, denote,
bounded and will approximately follow the reference path . . L . ;
) . espectively, the maximal and minimal radius of circular
leading however to smaller boundary off-track (11) than in . . .
. paths drawn by the vehicle segments during steady motion.

the asymptotic case.

P3: Based on the stability analysis provided in [13], it can TABLE |
be shown that the nSNT kinematics equipped with positiv&BTAlNED BOUNDARY OFF-TRACK AND BIAS FOR THE CIRCULAR PATH
hitching offsets and controlled with (22) may exhibit the so| set of selected weights [ cm] [ bm ]

h . . . ’S].Z wo =1, w; =0, w2 =0, w3 =0 0.466 —0.233

called jackknife phenomenon in thg forward motion strategy-s-, =0, w, = 1. wy =0 ws =0 0955 T 0051
(as a consequence of the non-minimum-phase closed-l00B3:wg = 0, w1 =0, w2 = 1, w3 =0 0.310 | +0.128
dynamics, see [11]). To avoid the jackknifing behavior of S4:wo =0, w1 =0, wo =0, w3 =1 0.413 | +0.244
a vehicle, the following change in calculation of matrix—o2wo =0.44, w1 = 0.31, wy = 0.25, wy =0 | 0.202 | —0.005
. .. . . S6: wp = w1 = w2 = w3z = 0.25 0.349 | +0.173

I'(q, w) is proposed. Namely, for the joints withy; > 0 it ST wo =0, w1 = ws = 05, w5 =0 0.262 | 10.075

is proposed to take in the matrix product of (20) the modified o _ _
transformation matrix (instead of the one defined by (2)): Worth emphasizing that two sets of symmetric weights,
o . S6 and S7, did not led to a minimal boundary off-track.

jj (8;) & —ﬁcﬁ.j L—jsﬁj with p; 2 —Ly;. (24) The best res_ults were obtained for asymmetric weights from

' pj SB; ch; ' ' set S5, which has been found based on the output of
Clearly, matrix (24) utilizes the hitching offset with them- the extremum-seeking optimization procedure employed for

. . . N 3 2 . .
site sign. Numerous simulation trials have shown that usa yality criterionV” = (ZFO F(g;))” motivated by relation

of this simple modification allows avoiding the jackknifeansd)'SE"‘";?“?;Z?;LS'Q? Fc_>f Xe?'lo\c)lea:;ot(lg? fr(;rss:(t; ill
effect, still letting one to minimize the boundary off-tkac P N Fg. ' pectively.

of a vehicle (see Section IV). T_he plots in Fig.4 (C) sh_ow a control performance for the
sine-type (curvature-varying) reference path employimg t
same set S5 of optimized weights. The symmetrie@a25 m
) ) envelopes have been denoted by dashed red lines around
Values of weightsw = [wo ... wy]" can be flexibly - the reference paths to facilitate assessment of the obitaine
chosen by a designer taking into account constraint (14)sntro| performance in a task space. Example (C) shows that
One assumes that the weights used in control law (22) ajge optimal weights computed for the circular path can be

constant, thus they can be selected off-line before agfilita ompjoyed also to other types of paths preserving comparable
of the controller. The most common way of selection i$gntrol performance.

the trials-and-errors method. In this approach, the firgp st

is to check the obtainable boundary off-track for particula V.. CONCLUSIONS
sets of weights mentioned in the comment of propétty
sequentially fori = 0 to ¢ = N. However, in most
cases the more general selection is beneficial leading
smaller boundary off-track. When the numh&r is large,
searching for the set of weights by trials-end-errors may b
burdening or time-consuming. In this case, one may empl . )
the automated numerical optimization search, for instan boundary off-track of the nSNT vehicle by only changing

the extremum-seeking approach (see [5]) to minimize a e .weights_, in a Qefinition of the virtual guidance point.
appropriately constructed quality criterion. An interesting topic for further research may come from

letting the weights to be time-varying making the overall

3The reference path is called S-P if all the reference vetselgments _ContrOI algorlthm adaptlve with respect to changes in the
have non-zero longitudinal velocities of the same sign give path [13].  instantaneous curvature of a reference path.

C. Selection of weightsy, ..., wy

The presented control strategy is an alternative solution
9 the problem of path-following with reduced off-track
addressed in [3] and [4]. Worth stressing high scalability
the new control approach with respect to a number of
ilers and its utility value, where one may easily influenc
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