J Intell Robot Syst
DOI 10.1007/s10846-017-0482-0

CrossMark

@

VFO Path following Control with Guarantees of Positionally
Constrained Transients for Unicycle-Like Robots

with Constrained Control Input

Maciej Marcin Michalek 2 - Tomasz Gawron

Received: 8 March 2016 / Accepted: 15 January 2017

© The Author(s) 2017. This article is published with open access at Springerlink.com

Abstract The  Vector-Field-Orientation  (VFO)
method is a control design concept which was origi-
nally introduced for the unicycle kinematics to solve
two classical control tasks corresponding to the tra-
jectory tracking and set-point control problems. A
unified solution to both the tasks was possible by
appropriate definitions of the so-called convergence
vector field. So far, there has not been a version of
the VFO control law for the third classical control
task concerning the path following problem, which
is particularly meaningful in the context of practical
applications. The paper fills this gap by presenting
a novel VFO path following controller devised for
robots of unicycle-like kinematics with the amplitude-
limited control input. Opposite to most path following
controllers proposed in the literature, the new con-
trol law utilizes the recently introduced level curve
approach which does not employ any parametrization
of a reference path. In this way, the proposed solution
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is free of main limitations resulting from the need of
unique determination of the shortest distance from a
robot to the path. In contrast to other solutions, a for-
mal analysis of the closed-loop dynamics presented in
this paper provides sufficient conditions which guar-
antee constrained transients of robot motion with the
position confined to a prescribed subset around a ref-
erence path. Theoretical results have been validated
by numerical examples and experimentally verified
with utilization of a laboratory-scale differentially
driven robot.

Keywords Path following - Unicycle - Control input
constraints - State constraints - Level-curve
approach - VFO

1 Introduction

The path following (PF) problem belongs to the col-
lection of classical control tasks defined for mobile
robots [6]. Unlike in the trajectory tracking problem,
the PF task does not impose time constraints on the
robot motion apart from a geometry determined by a
reference path. Numerous solutions to the PF problem
have been proposed in the literature with applica-
tions to various structures of robotic vehicles [1, 2,
7, 16-19, 28, 29], in particular to the nonholonomic
wheeled robots of unicycle-like kinematics [6, 12—14,
25, 27]. Essential geometry of planar motion for any
single-body nonholonomic vehicle can be generically
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described by a unicycle kinematic model. As a con-
sequence, applicability of control laws devised for the
unicycle model can be relatively easily extended to
more complex kinematics by employing the cascade-
like control approach — see, e.g., [20, 22, 23].

All the available control laws solving the PF prob-
lem can be divided into two general groups: those
employing some parametrization of a reference path
(usually by using an arc-length parametrization), and
these not using any path parametrization but instead
applying the so-called level curve approach. The
first group originates from the classical concept [29],
where the parametrization combined with a projection
(orthogonal [29] or non-orthogonal [15]) of a current
robot position on the path allow one to uniquely select
the current point on a reference path in correspon-
dence to which all the path following errors may be
determined. Successful application of this approach in
the most popular version with the orthogonal projec-
tion requires determination of the shortest distance to a
path, which is generally a nontrivial issue and is valid
only locally in a sufficiently small neighborhood of a
reference path. Locality, in turn, imposes conservative
limitations on the initial robot position with respect to
the path.

Algorithms from the second group employ a com-
pletely different idea, where a reference path is
defined implicitly as a set of reference points satis-
fying some scalar equation. Evaluating this equation
for the points taken from the reference set gives the
zero value, while for the points outside the reference
set — a non-zero value. This non-zero value is treated
as a signed measure of a robot distance to the ref-
erence set. In this way, the need of computations of
the shortest distance to a path is avoided. Simplicity
of practical implementation of the control laws apply-
ing the level curve approach makes them particularly
attractive for the robotics community. However, to the
authors’ best knowledge, so far only few controllers
have been proposed and applied to robotic vehicles
using this concept. It has been utilized in [5] in the
context of the VTOL aerial vehicles, while its appli-
cation to the unicycle-like wheeled robot has been
presented in [26] (see also [30]) on a kinematic level,
and in [8] considering both kinematics and dynamics
of a vehicle. Worth to mention also works [4] and [20]
presenting applications of the level curve approach to
the coordinated multiple unicycles and to the N-trailer
robots, respectively.
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This paper presents a novel solution to the PF prob-
lem for unicycle-like kinematics formulated in the
VFO (Vector Field Orientation, [9]) framework and
utilizing the level curve approach for definition of
a reference set. The main contribution of this work
relies on an introduction of a newly devised version
of the VFO control law specialized to the (position-
ally constrained) PF problem, not addressed so far in
any of the previous works devoted to the VFO con-
trol method. The proposed solution can be applied to
a wider class of reference paths than those admitted in
[8], and guarantees the absence of any unstable closed-
loop equilibria in contrast to the method presented in
[26]. Formal stability guarantees provided in the paper
explicitly take into account control input limitations
imposed on a robot (not addressed in [26]). Moreover,
we determine sufficient conditions guaranteeing that
position of a robot remains in a prescribed neighbor-
hood of a reference path during the whole transient
stage of the control process. This utility, not consid-
ered by the authors of works [26] and [8], may have an
essential practical meaning for motion control appli-
cations in the cluttered environments. Finally, the new
proposition complements a family of the VFO control
laws, introduced so far for the tracking task and the
stabilization problem, see [9, 21].

Notation For the sake of concise notation, we will
apply a short notation s = sinw, co = cosa in the
whole text. By symbol || - || we will denote the standard
Euclidean norm.

2 Prerequisites and Problem Formulation

2.1 Vehicle Model and Control Input Constraints

Let us consider the unicycle-like mobile robot pre-
sented in Fig. 1 which can be described by kinematics

. 10 ui(t)
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Fig. 1 A unicycle-like mobile robot in a global frame {x¢, y°}

defines the vehicle configuration, while u =
[ui u2]” € U c RZ? is a control input comprising
the angular velocity u of a vehicle body and the lon-
gitudinal velocity u, of the so-called guidance point
P.

In the field of wheeled mobile robots, kinemat-
ics (1) usually corresponds to the differentially-driven
locomotion where the two wheels of the robot from
Fig. 1 are independently driven by two actuators. A
relation joining robot-body (pseudo) velocities in vec-
tor # with angular velocities = [w, w;]" of the
robot right and left wheels, respectively, comes from
the well-known equation

_ wy -1 _ I’w/b —rw/b
Sz_|:a)1i|_1 “ J_|:"w/2 rw/2 i|7

3)

where r, > 0 and b > 0 denote the wheel radius and
the wheels base, respectively, shown in Fig. 1.

From now on, we will assume that control input
u € U is subject to constraints resulting from a pre-
scribed maximal admissible angular velocity w,, > 0
of a robot wheel. As a consequence, we postulate that
angular velocities of the robot wheels should satisfy

Vi >0 o) <on A o) < on. 4)

Condition (4) implicitly (by the inverse relation to
Eq. 3) imposes (interdependent) constraints on the
control inputs #1 and uy, [21].

2.2 Definition of a Reference Path

Define a subset D C R? of positions p = [x y]', and
a positional reference path as a set S; C D of points
Pg = [xq yd]T such that

Si = {pa€D: F(py) £ of(py) =0}, S)

where the coefficient 0 € R\ {0} and an analyti-
cal form of the scalar function f(p,) are the design
terms. In contrast to the classical parametrized form,
a reference path has been implicitly defined by Eq. 5
as a zero-level curve of some function F : R> — R
such that F(p) = 0 & p € Sy, and F(p) =
c # 0if p ¢ S;. The sign of coefficient o in
Eq. 5 will determine a desired motion direction along
a reference path in a global frame, that is, either the
clockwise/counter-clockwise or the right/left direction
(see definition (7)).
For the reference set (5) we assume what follows.

Al. For any bounded p = [x y]T € D the func-
tion F(p) takes values from a bounded subset
Dr 2 [F,F] C R, F € (—00,0), F €
(0, 00); furthermore, function F(p) for p € D
is at least twice differentiable with respect to its
arguments, that is, there exist bounded partial
derivatives

32F
021022

OF OF
Fi(p) = P Fy(p) £ —, F;yun(p) =

dy

for z1,z0 € {x, y}.

A2, |VE(p)Il 2 |JFi(p)+F}(p) € [m.m]

forall p € D, where 0 < m < m < oo are the
lower and upper bounds of the function gradient
norm, respectively.

A3. A reference longitudinal velocity along a refer-
ence path is restricted to the form

vg =const >0, ¢5€{—1,+1},

(6)

A
Uzq = §4qvgq,

where ¢{; determines a desired motion strat-
egy along a reference path, i.e., forward motion
for ¢; := 41 or backward motion for ¢{; :=
—1. Note that a definition of a non-constant
velocity uz4 would require some parametriza-
tion of upy along a reference path. Since the
level curve approach avoids parametrization of
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a path, we restrict further considerations to the
case proposed in Eq. 6.

Reference orientations tangent to the reference path
determined by set (5) will be defined as

04(py) 2 Atan2 ($4Fx(py) . —LaFy(py)) €l—m, ),
7

where Atan2 (-,-) : R x R — [—m, ) is a four-
quadrant inverse tangent function. Note that the signs
of coefficients o used in definition (5) and ¢4 intro-
duced in Eq. 6 both determine the resultant quadrants
in which the reference angle (7) is defined.

Remark 1 One assumes that the upper bound wy,
introduced in Eq. 4 is large enough to ensure that
a reference path can be perfectly followed with the
reference longitudinal velocity (6) without velocity
saturation of any of the robot wheels. That is, one
assumes that for all # > 0 holds

lwra (D), |wia ()| < w, Where I:wrdi|:J—1|:9d i|
Wld Uzg

(®)

All the subsequent considerations implicitly assume
satisfaction of inequality (8).

2.3 Control Problem Formulation

Following the idea suggested in [30], we will treat
F(p) as a positional measure of the path following
error. It seems justified because F(p) is zero if and
only if p € Sy, while a sign of a value of F(p) for
p ¢ Saq depends on a side on which the robot position
stays relative to the reference path.! Let us define the
path following error as follows

() Vol pGap)—0)]
eF(p)]_[F(p) ]E[ 7w xR,

©)

where function p : R — [—m, ) confines the ori-
entation error to the range [—, ), while the form of
04 (p) results from Eq. 7.

eM)z[

INote, however, that in general a value of |F(p)| does not cor-
respond to the Euclidean distance from a robot to a reference
path.
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Definition 1 (Positionally Constrained PF Prob-
lem) The objective is to find a bounded feedback
control law u = wu(q) for kinematics (1) satisfying
velocity limitations (4), which guarantees bounded-
ness and asymptotic convergence of error (9) in the
sense

Vi>0elq®) e l—m,1)xDs A elq(t) =3 0.
(10)

where Dy, C Dr C R is some prescribed positional
subset.

In contrast to the conventional PF problem, Defi-
nition 1 imposes a requirement of a positionally con-
strained robot motion determined by the prescribed
subset D7 This functionality can be especially useful
for control applications in the cluttered environments.
In the next section, we will propose a solution to the
above stated problem employing the VFO approach.

3 The VFO Control Law for the PF Problem
3.1 General Form of the VFO Control Law

A general structure of the VFO control law for uni-
cycle kinematics (1) can be derived upon the Vec-
tor Field Orientation methodology presented in [9].
According to this methodology, one postulates the
existence of the so-called convergence vector field

ho(q, ) hola. -
h(g. ) = |: 0(q,")

he(qg,)) | =| 7 ]eRxR%(U)
hy(q") h(q’)
which has a meaning of a generalized velocity with
angular component hg and longitudinal component
h = [hy hy]T. For every configuration ¢ the conver-
gence vector field determines an instantaneous desir-
able direction of motion and orientation for a robot to
reach the goal, which can be represented by a refer-
ence point, a reference trajectory, or (as in the current
case) a reference path. Particular forms of vector field
(11) have to be independently defined for particular
control problems; they determine a desirable transient
behavior and steady motion for a robot. In the VFO
methodology, one aims to find a control law which
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guarantees tracking of the convergence vector field by
the configuration velocity of the unicycle. It can be
expressed by the postulate ¢(¢) = h(q(¢), -). By sub-
stituting for ¢ the particular terms from the right-hand
side of Eq. 1, the formula ¢(r) = h(q(t),-) gives
three postulated scalar equations, namely u; = hy,
urcd = hy, and us6 = hy. Multiplying the latter
two equations by cf and sf, respectively, and adding
them by sides gives a postulated equation for the sec-
ond control input in the form u = h,c6 +hys6. Thus,
a general form of the VFO control law can be written
as follows (see [9]):

uVFO u)Fo _ he ) he
uytO |7 | hich + hyso h'g,®)]

(12)

The control components uYFO and u;/F O have clear

geometrical interpretation corresponding to a general-
ization of control in polar coordinates, according to
which the former is called the orienting control while
the latter is called the pushing control (for more details
see [9]).

It is worth to emphasize that the general form of
the VFO control (12) is valid regardless of the control
problem under consideration, i.e., the point stabiliza-
tion, the trajectory tracking, or the path following. The
only difference comes from a definition of the conver-
gence vector field (11) which must be specialized for
a particular control task. So far, definitions of the vec-
tor field (11) have been proposed for two control tasks,
i.e., for stabilization and tracking (see [3, 9]). In the
next section, we will complement the available defini-
tions with a new one specialized for the path following
problem.

Hereafter, by saying about the nominal control
applied into kinematics (1) we will understand the
substitution

u:=u, 2u"o (13)

with #VFO defined by Eq. 12. By referring to the nom-
inal control (indicated by the subscript n) we will
understand the control conditions in which no control
input constraints of the robot are taken into account.
To address the control input constraints, we will apply
the input scaling procedure presented in Section 3.3.

3.2 Definition of the Convergence Vector Field

We are going to define the convergence vector field
(11) for the case of the PF Problem. To this aim, let us
introduce two mutually orthogonal vectors

w(p) £ —VF(p) = [:?y‘gﬂ € R2, (14)
w2 Ruy @[ P ertas)

where R = [Pl (1)] is a rotation matrix of angle —Z%,
while F and F), are the partial derivatives defined in
assumption Al.

We propose to define a longitudinal component of
the convergence vector field as follows

E(p):[hx(l’)} s,

w,(p) X w(p)
hy(P)

=t F ety
VeI T PR E
= (vaR+k, F(p)12x2) #(p). (16)

where I is the identity matrix, k, > 0 is a design
parameter, velocity vy results from Eq. 6, whereas

mp)} s wp)
5(p) | IVF(p)I

is a normalized vector of the negative gradient of
function F(p), well defined for all p € D (see
assumptions A1-A2).

In order to define the angular component Ay of
the vector field (11), let us introduce the auxiliary
orientation angle

0a(p) = Atan2c (Cahy(p), Lahx (D)) € R, (18)

where the operator2 Atan2c(-,-) : R xR — Risa
continuous counterpart of the four-quadrant function
Atan2 (-,-) : R x R — [—m, ), and the auxiliary
orientation error

#(p) = [ (17)

ea(q) = 0,(p) — 0, ea(q) € R. (19)

Following [9] and [21], we propose to define

ho(q) 2 kaea(q) + Oan(q) (20)

2Implementation of operator Atan2c (-, -), when its arguments
are defined in the discrete-time domain, can be found in
Appendix D; see also [9]. In the continuous-time domain, an
action of operator Atan2c (-, -) in Eq. 18 corresponds to the inte-
gral 6,(t) = 0,(0) + fO'éa (£)d§, where the form of 6, has been
provided in Appendix C.
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where k, > 0 is a second design parameter, while

hyn(@h(p) — hy(P)hsn(q)
h%(p) + h%(p)
is the nominal feedforward term. The nominal time

derivatives hxn and A yn used in Eq. 21 result from the
following equation

Oan(q) & 1)

= )
T =" 2
@=| i } (22)

L 0 R, (@) +hy L (@B (P) + F(P)Da(@)]

| vy (@) ko[ (@) (P) + F(P)rn ()]
L _vdl?xn(q)"'kp[Fn (q)ﬁy (p) + F(p)ﬁyn (@] ’

where (omitting the arguments for the sake of com-
pactness)

: OF [
F, & —[ } (23)
ap y u=uy
)
= (FycO + FysO)uoy,
L (Frch + Fys0)uFO
B (Frch + Fys0)(hech + hysh)
and
: ; 9 [ i
tds @
yn pLY

u=u,

azn [Fyonce +12s0)/I VFIIj}
Fr(n3¢0 + nas0) /| V||

(13) wy" [ Fy(nich + nash)

| VF)3 [Fx(nsce + n459)}

(12) hxct +hysO [ Fy(n1c6 + n2s0)

N | VF|? |:Fx(77309 + n4s9)}

with p = [x y]' (see Eq. 2), and 1, = FyFyy —
Fnyx’ m = FxFyy - Fnyy’ n3 = Fnyx - Fxey,
N4 = FyFyy— F\ Fy,. The time derivatives indexed by
subscript n and defined by Eqs. 23 and 24 indicate that
they are computed upon velocities x and y obtained
from kinematics (1) driven by the nominal control
inputu = u, = uVFO (see Eq. 13), that is, without
taking into account any control input constraints. This
notational distinction is crucial for proper analysis
of the closed-loop dynamics after considering control
input constraints using a scaling procedure proposed
in Section 3.3.

@ Springer

Remark 2 According to definition (16) and due to
assumption A3 one can easily verify that

det (vgR + kp F(p)I2x2) =k F*(p)+ v} > v > 0.

Thus, the vector field (16), and consequently the aux-
iliary angle (18) with nominal time derivative (21), are
well determined if only | VF(p)|| # 0. The latter
condition is satisfied for all p € D under assumption
A2.

Remark 3 Parametric synthesis of the VFO controller
involves selection of only two positive values for
parameters k, and k,. Previous experience with the
VFO controllers devised for the trajectory tracking
and set-point control tasks, see [9, 22], may suggest
selection of k, and k, according to a simple design
rule: k, > kp, and in particular k, = 2k . Selection of
kp shall result from a compromise between a desirable
rigidity of the controller on one hand, and dominant
practical limitations on the other hand, caused usually
by the presence of a measurement noise in a feedback
loop or by the time delays affecting a control loop.
Based on the previous experience, one may suggest to
take (at least initially) k,, € [1, 5].

3.3 Control Input Scaling

The nominal control law (13) does not take into
account control input limitations resulting from the
prescribed condition (4). Satisfaction of constraint (4)
can be guaranteed by application of the so-called
Velocity Scaling Block (VSB) utilized, e.g., in [9, 22].
The working principles of the VSB can be explained
as follows. Assume that the nominal control input
u, = [u1, uz,]" has been computed for kinematics
(1) according to Eq. 13. An action of the VSB is deter-
mined as a post-processing of the nominal control
input by taking

us(t)
u2s (1)

u (1) = [ } 2 count) 2 cuVF),
(25)

where u; is a scaled control input, ¢(¢) is a scaling
function defined as

—1
) & Pnax{l;|a»n(0|;|wm(0|}} c (0. 11.

W o
(26)
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while velocities R, = [w;n @] are obtained by
applying (3), that is,

_ 13 _
2, =J u, B g1V, 27)

It is worth to emphasize that scaled control input z;
applied into kinematics (1) ensures, by construction,
satisfaction of constraint (4), simultaneously preserv-
ing an instantaneous nominal motion curvature, that
is, uis/uzs = uiy/u2y, see [9]. The latter property
assures a well predictable transient motion of a robot
despite reaching the control input limitations. Loca-
tion of the Velocity Scaling Block in a resultant control
system has been clarified by the block scheme in
Fig. 2.

According to definition (26), it is evident that for
wy, > 0 and for any bounded nominal control u,, there
exists a lower bound

c= infc(1)] > 0. (28)
s=4

The lower bound S defined above will be utilized in
the stability analysis in Section 3.4.

3.4 The Main Result

The main result of the paper can be formulated by the
following theorem.

Theorem 1 The VFO control law (25), with the nom-
inal term (12) determined for the convergence vector
field defined by Egs. 16 and 20, applied into kinemat-
ics (1) by taking

=0 Lsout’0 L ety |

(29)

wm
F Usy l

¢ Fx’ Fxx VFO u u q
e controller n [Velocity| s ;

path Fy’Fyy for Scaling [~ 1'm1cyqe
selector Block kinematics

PF task
[

Fig. 2 A block scheme of the proposed VFO control system
explaining location of the Velocity Scaling Block

solves the Positionally Constrained PF Problem
ensuring that Yt > 0 ep(p(t)) € Dy for any
prescribed subset

,F},
(30)

Dy £ (—rp,rp) with 0 <rp < minf{|F

if the initial errors satisfy
e(q(0) =7, mXrp.rp) A el lea(q(0))|<ra
for the bounds ry and r, taken as a one of two

alternative pairs of values

ra =r}

(pl) ry=rr,

(p2) rp=rp/\/1+ pek,

with r{ and r}] being positive roots of respective
equations

Ta =713

Pi(r)=0, Pi(r)=—

2. ¢
cos?r
Par$)=0, Py(r)=p’r8 432043t 412 —¢?

where u = (mkp/ky) > 0, ¢ = (rpkpmv/vgm) > 0,
while v € (0, 1) is a prescribed constant.

Remark 4 The two pairs, (pl) and (p2), of bounds r s
and r, determine different conservativeness degrees
of the proposed solution. In particular, the pair (pl)
admits the initial positional error from the whole pre-
scribed set D;, but it confines the admissible initial
error |eqo| to the range not exceeding the value of r;"
which is always less than w/2rad (since ¢ is finite
upon assumptions A1-A3). On the other hand, the
upper bound r} in the pair (p2) is, in general, not
limited by the value of 7 /2rad (generally admitting
larger initial error |e,o|), but at the expense of the
more conservative bound r y imposed on the positional
error (with the term 620 in the denominator). Two
above pairs of the upper bounds have been intention-
ally provided to allow for more flexible usage of the
proposed solution in various practical circumstances.
Namely, if the initial errors do not meet constraints
for the upper bounds from pair (p!/), one can alterna-
tively check satisfaction of the constraints for the pair
(p2). For example, prescribing rr = 2.8, ¢ = 9.4,
and © = 0.5 (cf. conditions of example Simll in
Section 4), and postulating |e,0| = 1.5rad, the pair
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(pl) returns ry = 2.8, r, ~ 1.21rad while (p2) gives
ry ~ 1.92 and r, ~ 1.93rad. Thus in this particu-
lar case, the auxiliary initial error e,o does not satisfy
constraints imposed by (p/), but the Positionally Con-
strained PF Problem can still be resolved upon (p2) if
only the initial positional error |er(p(0))| < 1.92.

Proof of Theorem 1 Let us first consider closed-loop
dynamics of the auxiliary orientation error. Upon def-
initions (19), (20), (29), and according to the first
equation of Eq. 1 one can write:

. 19) - (1) » 29) -
€q (:) a_e(z)‘ga_ul(:)ea_ghé

0) - .

= 04 — ckaeq — §O0un = —Gkyeq (31)
where we have used the fact éa = gé,m (see
Appendix C). Defining a positive definite function

A . . . .
Viley) = %eg, one can assess its time derivative as

. . (3D
Vi =eaba = —ckaey < —ckaej = —25kq V1,

(32)
where the lower bound ¢ comes from Eq. 28. Accord-

ing to Eq. 32, and by the Comparison Lemma [11],
one concludes

eq0 = eq(q(0)),
(33)

lea(g ()] < leaol exp(—gkat),

for all + > 0, and upon (31)

sup leq (g ()| = leqol - (34)
t>0

Next, we are going to analyze closed-loop dynam-
ics of the positional error component er(p) = F(p),
see Eq. 9. The set Dj. defined by Eq. 30 imposes a
limit on an admissible domain of the positional error,
that is,

er €Dy = lep|l <rr. (35)

By expressing the control component u;(¢) of Eq. 29
in its equivalent form us(t) = ¢(#)¢4|| h(t)|lceq(t)
(see Appendix A), and using definition (16), one may
show (see Appendix B) that the closed-loop dynamics
of error e (p) satisfies the following equation (omit-
ting the arguments for clarity)

ér = =g kpCeqll VFler + ¢ vaseaceq || VFI,
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where ¢ = ¢(¢) is a scaling function defined by
Eq. 26. Combination of the above equation with
Eq. 31 gives cascade dynamics

ér = —ckpc?eq|| VF|ler + ¢ vaseqce,|| VFI|, (36)
éa = —G kaea» (37)

for which the pair (ef, e,) = (0, 0) is the only equi-
librium, and point e, = 0 of dynamics (37) is globally
exponentially stable according to Eq. 33. Now, one
can treat the term e, in Eq. 36 as a perturbing input,
where ép = —¢ k|| VF|ef fore, = 0.

We will proceed further considerations indepen-
dently for the two alternative pairs (p/) and (p2) of
bounds 7y and r, introduced in Theorem 1. They will
be subsequently presented in the next two paragraphs,
followed next by a continued common analysis. In
the sequel, we will utilize the concept of input-to-
state stability [32] which has been shortly recalled in
Appendix E.

Analysis Concerning the Pair (pl) Let us define a
positive definite function V; : D}, — R of the form

1
Va(ep) & 5612“ (38)

which satisfies o1 (ler|) < V(er) < ax(ler|) for the
K-class functions

ar(lerl) = ax(ler|) = ler|? /2. (39)

One can estimate a time derivative of V;(er) as follows:

. . (36
Vz = efref (=) —

skpc?eq|| VF e} + svaseaceal| VF|ler
< —ckpdam et + cvai leq| ler|
+ckpdam vezp — Gkpdam velzr

< —ckpSam (1—=v)et+¢(vam leal lep|—kpdam veF) (40)

Wier.eq)
where v € (0, 1) is a majorization constant, the
bounds m, m, and constant ¢ result from assumption
A2 and Eq. 28, respectively,_while
842 (suplea(g(t))=Cleqo] >0 for leao] < =
>0 2
(41)

has been determined upon (34). According to Eq. 40,
one observes that V, < 0 if the term W(ep, e,) is
non-positive. In particular, one may conclude that

Vo < —gkpdam (1 —v)ey for |er| = x(leal)
(42)
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where
vgm
kpdamy

x(leal) = leql, (43)

is a function of class KC upper bounded by (see Eq. 34)

vgm

sup x (lea(q(®)]) = x (leaol) = leaol . (44)

>0 kpdamy

As a consequence of Eq. 42, one concludes that
dynamics (36) is locally ISS (Input-to-State Stable,
see Appendix E) with respect to input e, satisfying

ler(p(D)] < max:ﬂ(leF(P(O))l, 15y (Sulglea(II(t)N) }
=

D max (Bler (pO)]. 1): y(leal)}  (45)

for all + > 0, where B(, -) is a function of class KL,
while

(el = a7 [eaCx leah)] 2 x (legly & a1l

kpSamy
(46)

In the light of constraints determined by Eqs. 35 and
41, the ISS result (45) is valid locally for the initial
positional error (cf. Appendix E)

ler(pO)| <rp. rp=0a; leir)] 2 e (@47)

and the supremum (34) of the perturbing input satisfy-
ing

leaol < x ' (min{ry, x(7/2)})

@ = (min {rr, x(T/2)}) . (48)

According to the form of Eq. 43 and recalling defini-
tion from Eq. 41, the inequality (48) can be rewritten
as

leaol rkamV T
. = A ewl < 5 (49)
c?leqo] vgm 2
which gives the resultant condition
leqol <ra=rik (50
where r{ < /2 is a positive root of equation
r rrpk,mv
— - ==, (s1)
cos* r vgm

Since r/ cos? r is a monotonic function, and % >
0 is a finite constant, a positive root of Eq. 51 will be
always less than /2 satisfying the second inequality
postulated in Eq. 49.

According to Eq. 45, one concludes uniform

boundedness of positional error ep(p(¢)) which

belongs to the set Dy for all + > 0 if initial errors
ler(p(0))| and |e, (g (0))| satisfy conditions (47) and
(50), respectively. Upon definition (9), one concludes
uniform boundedness of || e(q(¢))|. Furthermore, the
ISS property reflected by Eq. 45 corresponds to sati-
sfaction of the asymptotic gain relation (see e.g. [10,
31)):

litm supler(p)| <y (litm sup Iea(q(t))|>

46) vgm . 33
@ lim sup leq (g (£))] 2 0. (52)

kp(saﬂv t—00

Hence, one concludes that the equilibrium
(er,eq) = (0,0) of cascade dynamics (36)—(37)
is locally asymptotically stable for any ini-
tial condition (er(p(0)),e,(q(0))) from the set
(=rFp,rr) X (—rq, rg) with r, determined by Eq. 50.

Analysis Concerning the Pair (p2) Let us define an
auxiliary time-dependent function

fa(?) : [0,00) = R (53)
which is a solution of the differential equation
fa(t) = —gka fu(®) (54)

for the initial condition f,(0) £ e,o. Thus, by com-
paring (54) with (31) one observes

Vi >0 fqo(t) = eq(q(2)). (55)
Define a function V, : D}, x [0, 00) — Ry of the

form

k
M=Q>O.

1
Va(ep, 1) 2 5612”(1 + wf2@), .
a

(56)

For all ¢+ > 0, the function (56) is positive definite,
V»2(0,1t) =0, and

ai(ler|) < Valer, t) < ax(lerl) (57)
for the KC-class functions

ler|? ler]? (1 + pe2,y)
5 az(|eF|)=f“°.

ai(lerl) =
(58)

@ Springer
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A time derivative of V,(er,t) can be estimated as
follows:

Vo = eper(L+uf]) + nei fafa
L (1rufd [~ skpeeall VFllel +svaseaceal| VF e |
+1et fufa
E 1 fd [~ shpeeall VFllek + svaseaceal| VF e |
—nskae f7

< —ckpcPeqm ek +(1+pey) vy leq| 7 lep| —pskaehe?

where we have utilized equality (55), while the
bounds m and m result from assumption A2. Recalling
the form of coefficient u (see Eq. 56), and utilizing
the fact eg > s%¢, = 1 — c?e,, one may proceed the
above estimation by writing

V2 < —gkpmcPeqer + (1 + pegg)svam el ler|
—gkpme%(l—czea)—i-gkpmve%—gkpmve%
< —ikpm(l—v)ezF

+c[(1+peZg)va i lea| lep| —kpm ver],  (59)

W(er,ea)

where v € (0, 1) is a prescribed majorization con-
stant. According to Eq. 59, one observes that Vz < 0if
the term W (eF, e;) is non-positive. In particular, one
may conclude that

V) < —gkpm (1 — ver for ler| > x(leql), (60)
where

vam (1 + pey)

, 61
Ky leal (61)

x(leal) =
is a function of class K upper bounded by (see Eq. 34)

vgm
sup x (lea (g ())]) = x (leao]) = T
t>0

mv|€a0|(1+ulea0|2)-
pt

(62)

According to Eq. 60, one may conclude that dynam-
ics (36) is locally ISS (Input-to-State Stable, see
Appendix E) with respect to input e, satisfying

ler(p@)| < maX{ﬁ(leF(p(O))l,t);)/(suglea(q(tm)}
1=

X max{B(ler (pO)], 1:Weao])} (63)

@ Springer

for all + > 0, where S(, -) is a function of class L,
while

(58) Vaim leq|

y(leal) =0 aa (x (lea)] = (e,

kpmy
(64)

Due to constraint (35), the ISS result (63) is valid
locally for the initial positional error (cf. Appendix E)

(38 'F

v 1+ ueﬁo

(65)

ler(pO)| < rf, rp=c; foi(rp)]

and the supremum (34) of the perturbing input satisfy-
ing

- 1) kpmy rF
leaol < x Nrp) = L= ,
‘ P27 vam (U + e

where the form of r ¢ in the above inequality has been
taken from Eq. 65. Because both the left- and right-
hand sides of the above inequality depend on |ego],
one has to resolve it with respect to |e,0|. As a conse-
quence, the resultant condition on the initial auxiliary
error takes the form

leaol <ra=r§ (66)
where 73 is a positive real root of equation

rrkpmy

2
/L3r8+3uzr6+3/u’4+r2—< ) =0. (67)

vgim
Since u© > 0 (cf. Eq. 56), there will be only a sin-
gle positive root of Eq. 67 according to the Descartes’
Sign Rule.

As a consequence of Eq. 63, one concludes uni-
form boundedness of positional error er (p(t)), which
is confined to the set D*F for all + > O if initial
errors |lerp(p(0))| and |e,(q(0))| satisfy conditions
(65) and (66), respectively. Due to definition (9), one
concludes uniform boundedness of | e(g(¢))||. Fur-
thermore, the ISS property reflected by inequality (63)
implies satisfaction of the following asymptotic gain
relation:

litmsuplep(p(z))| =y (litmsuplea(q(t))I)

va(14pe? )32
@ d(k—““‘))lim sup lea(q ()] Z0. (68)
pmv =00
Hence, one concludes that the equilibrium

(er,eq) = (0,0) of cascade dynamics (36)—(37)
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is locally asymptotically stable for any ini-
tial condition (er(p(0)), e4(q(0))) from the set
(=rf,rf) x (=ra,rq) with r¢ and r, determined by
Egs. 65 and 66, respectively.

Continued Common Analysis Now, upon (52) and
(68), together with definitions (9) and (5), one may
conclude that

er(p(M) =50 = D(p®),S) =0, (69
where D(p, Sq) £ infp,es, | pg — Pl is a distance
from point p to set S;. In view of Eq. 69, and
according to definitions (18) and (16), one obtains

D(p,S4)—0
—

a(p) ba(pg) = Atan2c (LaFi (), —SaFy(pa))

D 9,(p,) mod 27, (70)

what, in the light of Eq. 33 together with definition
(9), implies e (1) = 0.

Finally, by recalling definitions (25), (16), (20),
(21), and (6), one may observe that both |er(p)| < oo
and assumption A3 imply ||E(p)|| < 00, and (as a
consequence) boundedness of u>(q). Next, |ua(q)| <
oo together with |e;(q)] < oo and || ﬂ(p)|| < o0
imply (under assumptions Al and A2) boundedness of
ho(q), and (as a consequence) boundedness of u1(q).
Moreover, for (ef,e;) — (0,0) the following rela-
tions hold true: u; — 6, and up — §d||ﬁ(pd)|| =
$dva = uzg.

O

Remark 5 Worth to stress that values of bound r, are
expressed in radians, however a value of bound ry
is dimensionless because the error |er(p)| = |F(p)|
does not correspond, in general, to the Euclidean dis-
tance. The error |er(p)| can be treated rather as a
some (nonlinear) function of such a distance. On the
other hand, by construction of function F(p), see
Eq. 5, it is possible to scale the values of this func-
tion and its slope by selecting an appropriate absolute
value of coefficient 0. As a consequence, by inten-
tional selection of |o'| one may influence the resultant
size of the prescribed set Dy and the correspond-
ing geometrical neighborhood around a reference path
expressible in metric units.

Remark 6 In the case when the initial error |e, (g (0))|
does not satisfy any of the upper bounds imposed by
(p1) and (p2) in Theorem 1, one may initially apply

(within some finite time interval ¢t € [0, T]) the pre-
paratory control u,(q) = [hg(g) 017 with hg(q)
defined by Eq. 20, in order to preliminarily decrease
the auxiliary orientation error to an acceptably small
value |e,(q(T))| < r, with r, taken either from
(pl) or (p2), while keeping simultaneously the robot
position fixed at p(0). Next, one can switch to the
VFO control law (25) for the initial error |e,q| :=
leq(q(T))| satisfying conditions of Theorem 1.

4 Numerical Examples

Results of two numerical examples, Siml and SimlII,
have been presented to illustrate efficiency of the pro-
posed control law for various motion scenarios. The
following common values have been selected for the
controller parameters, reference velocity, and kine-
matic parameters of the robot: k, = 1.0, k, = 2.0,
vg = 0.08 m/s, ry, = 0.02m, b = 0.145 m. The Veloc-
ity Scaling Block has been implemented using w,, =
7.5rad/s, which corresponds to the maximal robot-
body velocities |u1|pn.x = 2.07rad/s and |uz| . =
0.15m/s.

4.1 Example Siml

The first example concerns following the so-called
super-elliptic path represented by a zero-level curve of
function (see Fig. 3a)

4 4
L+

Hm=0[x A
0.54

0.8 1:|, o =+I, (71)

where the positive coefficient o determines the
desired (reference) motion along the path in the coun-
terclockwise direction. Function (71) is bounded from
below by value F = —1.0, while it is unbounded from
above. However for any finite position p, values of
function (71) are also upper bounded by some F as
required by assumption Al. For example, if p € D =
[—2,2] x [~2,2] one can check that F ~ 294.06.
Furthermore, the norm of gradient || V F (p)|| takes the
zero value at p = 0 (the isolated singularity point),
while it is unbounded from above. However for any
finite p, values of || VF(p)| are upper bounded by
some value m as required by assumption A2. Hence,
the properties of || VF(p)| for function (71) suggest
to limit the admissible set of positions p to some
bounded subset D excluding the point p = 0, as

@ Springer
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Fig. 3 Siml: control performance for the case of the superelliptic path followed in a forward motion strategy (left column), and the
surfaces (right column) representing function F (p), (a), and the norm of its gradient || VF (p)||, (b), for argument p € [—-2, 2]x[-2, 2]

required by assumption A2. For example, in the subset
D= ([-2,2]\[-0.1,0.1]) x ([-2,2]\ [-0.1,0.1])
one can verify (see Fig. 3b) that m =~ 517.93 and
m =~ 0.01.

In the test Siml, the forward reference motion strat-
egy has been assumed by taking ¢z = +1 (see Eq. 6).
The initial robot configuration has been selected as
q(0) =10 —0.5 0]T. Results of the control process
are presented by the plots in the left column in Fig. 3.

@ Springer

Analyzing the plots in Fig. 3 one can observe fast
and non-oscillatory movement of the robot and fast
transients of the path following errors asymptotically
vanishing toward zero, despite relatively flat surface
F(p) in a neighborhood of the prescribed initial con-
figuration. Transient evolution of particular errors can
be additionally assessed upon the plot presented in
Fig. 4, where the exponential rate of convergence can
be clearly observed. Worth noting is the boundedness
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Fig. 4 Siml: absolute values of the path following errors and
the auxiliary orientation error in a logarithmic scale

of the control inputs which satisfy control limitations
resulting from the finite value of w, in the whole
control time-horizon. Looking at the plot of ¢ (), it
is evident that the VSB (Velocity Scaling Block, see
Section 3.3) modifies the control inputs only until
about 5s of a transient stage. Finally, it is worth to
emphasize that the above control performance has
been obtained despite relatively large values of the
initial errors, that is, for |e,(g(0))| =~ 3.05rad and
ler(p(0))| = 0.85. These numbers can be confronted
with the estimates determined by pairs (p/) and (p2)
in Theorem 1, which in this case have been computed
as follows

(pD:rp=rrp =10, r,~217-10"*rad
rr 4
(p2): rp= ————~1.0, r,~2.17-10"*rad

V14 1(0.99r,)2

by taking rp = |F| = 1.0 and v = 0.9. Satisfac-
tion of the positionally constrained motion despite a
large value of |e,(q(0))| reveals conservativeness of
conditions determined by (p/) and (p2).

4.2 Example SimlI

In the second example, we have considered the S-
shaped path represented by a zero-level curve of the
following function (see Fig. 5b)

F(p) =0 [y —0.8tanh(4x)], o =—1, (72)

where the negative coefficient o determines the
desired (reference) motion along the path from the
left-to-right direction. In this case, the function (72) is
unbounded from above and from below, but for any
finite position p the values of function (72) are lower
and upper bounded (as required by assumption A1) by

some finite values F and F, respectively. For exam-
ple, if p € D = [-2, 2] x [—2, 2] one can check that
F=— F =~ 2.8. On the other hand, the norm of gra-
dient || VF(p)|| for function (72) is globally bounded
satisfying assumption A2 for any p € R? (no singu-
lar points) by finite values m = 1.0 and m ~ 3.35.
Thus, the properties of function (72) allows limit-
ing the admissible set of positions p to any bounded
subset D of R? required by assumption Al.

In the test Simll, the backward reference motion
strategy has been assumed by taking ¢y = -1
(see Eq. 6). The initial robot configuration has been
selected as ¢(0) = [0 — 0.5 0.5]". Results of the
control process are presented by the plots in the left
column in Fig. 5.

Upon the plots in Fig. 5 one can again observe fast
and non-oscillatory transients of the path following
errors asymptotically vanishing toward zero. A single
discontinuity point seen at the very beginning of time-
plot of error ey indicates that the auxiliary orientation
angle converges in this case to 6; only in the sense of
modulo 2 (see Eq. 70). A fast convergence rate for
particular errors after a first 10s of a transient stage
can be observed upon the logarithmic plot presented
in Fig. 6. Again, the control signals satisfy control
input limitations in the whole control time-horizon,
while one can see that the VSB modifies the control
inputs until about 10 s of the simulation (see the plot of
¢ (1)). Also in this case, the above control performance
has been obtained despite relatively large values of
the initial errors, that is, for |e,(g(0))] ~ 1.86rad
and |er(p(0))| =~ 1.27. These numbers can be con-
fronted with the estimates determined by pairs (pl)
and (p2) from Theorem 1, which in this case have been
computed as follows

(pD):rp=rp=28, rys~12lrad

rr

(p2):ry =
V14 i lea(gO)?

by taking rr = 2.8 and v = 0.9. Note that the above
values of upper bounds r, and ry are substantially
less conservative relative to those obtained in example
Siml thanks to the symmetrical shape of function (72)
with respect to its zero-level curve (see Fig. 5). In this
case, the initial errors satisfy conditions determined by

pair (p2).

~ 17, r,~193rad

@ Springer
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Fig. 5 Simll: control performance for the case of the S-shaped path followed in a backward motion strategy (left column), and the
surfaces (right column) representing function F (p), (a), and the norm of its gradient || V F (p)||, (b), for argument p € [—2, 2]x[-2, 2]

5 Experimental Verification
5.1 Description of the Experimental Setup

The proposed VFO control law has been verified
experimentally on the laboratory testbed with the
differentially driven mobile robot MTracker presented
in Fig. 7. The robot is equipped with the on-board mini
PC computer (Intel Atom processor, 2 GB of RAM),

@ Springer

working under Linux operating system, and the DSP
processor (TMS320F28335). The robot control sys-
tem has a cascade structure with two independent PI
velocity control loops closed around the wheel actua-
tors and implemented on the DSP processor. The VFO
control law has been implemented on the PC computer
which computes the commanded wheel velocities for
the inner regulation loops with sampling frequency
of 100 Hz. Robust localization of the robot has been
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Fig. 6 Simll: absolute values of the path following errors and
the auxiliary orientation error in a logarithmic scale

possible thanks to the fusion of the on-line predic-
tor response (computed upon the kinematic model (1))
with the estimate of the robot configuration obtained
from the exteroceptive Optitrack vision localization
system. The block scheme shown in Fig. 7 illustrates
implementation details of the control system.

5.2 Results of the Experiments

The experimental scenario has been prepared to show
the control performance in the case where a reference
path results from a concatenation of two zero-level

external PC (Windows) — robot posture reconstruction

estimated

robot configuration (UDP unicast 120 Hz)

— localization

fusion
s ref. path
® q selector
33
S'E VFO
08 controller
S5 for PF task u E ..
a 2d
[ * u
n
motion velocity
predictor conversion
A ‘ Q
n
Velocity
Scaling «— O
Block
desired wheel velocities

wheel-velocity
control loops)

on-board PC (Linux)

curves of the fifth-degree polynomial functions join-
ing three prescribed via points

g =10 xiy1", i=01,2. (73)

The reference path is represented by a resultant func-
tion

F(P) é { fl(P) for x € [XO,XI] (74)

fr(p) for x € [x1, x2]

where
f:(p) = (wo; +wiix +wyx’ 4. ..+ ws;x>)—y (75)

with particular coefficients, wj;, j = 0,...,5,i =
1, 2, chosen to satisfy boundary conditions

S1(x0, y0) = fa(x2, y2) :=0,
af1 afr
i(Xo, Yo) := tanf, i(Xz, ¥2) :=tan6s,
0x 0x

0% f1 32 f
W(XO, Yo) = W(Xz, y2) =0,

Optitrack Prime cameras
marker
positions
(UDP network)

passive

markers
PN

(to the inner

MTracker robot with 2 Pl velocity loops

Fig. 7 A functional block scheme of the experimental setup with the MTracker mobile robot

@ Springer



J Intell Robot Syst

E
109,
0.5
G\\
0 L
-0.5 1
%8 [m]
0 0.5 1 1.5 2 25 3 3.5
3t e, [rad] 1
e -]
2F e, [rad] ]
time [s]
0 5 10 15 20 25
le | [rad
o ol rad] | |
IeFI [-]
Ieal [rad]

tilne [s]

25

u, [rad/s] |4

u, [m/s]

time [s]

0 é 1IO 1I5 2l0 25
Fig. 8 Experimental results obtained for the reference path
in the form of two concatenated polynomials (denoted by the
gray dashed line) passing through three prescribed via points

(denoted by the circle marks); initial configuration g (0) of the
robot has been denoted on the X-Y plot

and three concatenation-continuity conditions at the
via point ¢ |, namely

filxr, y1) = falxr, yo),

) )

i(161,y1) = ﬁ(xl,)ﬂ) = tan#6,
0x 0x

9 fi I

2
92 (x1,y1) = W(X],)q) =0.
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Fig. 9 Experimental results for the reference path in the form
of two concatenated polynomials illustrating the control per-

formance for two additional initial configurations g (0) of the
robot

The reference path, presented in Figs. 8-9 by a dashed
line, is a concatenation (74) for the following via
points (denoted by the circle marks in the figures)

-0.5 0.8 —-0.4
qO: 04 . ql = ]5 s q2 = 30
0.25 0.75 —-0.25

In the experiments, the following values of parameters
have been used: k, = 1, k; € {2,4}, vg = 0.15m/s,
and w,, = 10rad/s.

Figure 8 presents the results obtained for the ini-
tial robot configuration g(0) located very far from
the reference set with large initial auxiliary error
leqa(q(0))| ~ 2.96rad. Worth to emphasize the non-
oscillatory and fast transient motion stage, together
with boundedness of the control signals. Any sub-
stantial effect of switching from the first level curve
f1(p) = 0 to the second level curve f>(p) = 0 1is not
visible in the plots of particular signals.

Figure 9 shows the additional results of a robot
motion for two different initial configurations and two
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values of the controller parameter k,. A smooth robot
motion with fast transients can be observed also in
these scenarios.

Remark 7 A concatenation of splines in Eq. 74
is admissible for ranges of variable x which yield
bounded partial derivatives df; /dx. If it is needed to
force a motion with unbounded partial derivative with
respect to x, one can cope with this problem by design-
ing an alternative spline for this case with swapped
variables x and y in Eq. 75. In general, it is also pos-
sible to concatenate two splines expressed in different
ways, that is, in the form like (75) and with swapped
variables.

6 Conclusions

In the paper, we have proposed and experimen-
tally verified the novel VFO control strategy which
solves the path following task for unicycle kinematics
with the amplitude-limited control input. The suffi-
cient conditions have been derived for initial errors
which guarantee positionally constrained transients
of the robot confined to a prescribed neighborhood
of a reference path. By utilizing the level curve
approach the need of a reference path parametriza-
tion has been avoided. Formal considerations pro-
vided in the paper indicate that the proposed VFO
control system does not generate any additional
unstable equilibria characteristic for the control sys-
tem previously proposed in [26], and it concerns
a wider set of reference paths than those admitted
in [8].

The new solution proposed in this paper comple-
ments a set of VFO control laws available in the
literature so far. As a direct consequence of the VFO
methodology, the proposed control strategy inherits
all the benefits characteristic for the VFO control
laws like fast, non-oscillatory, and easily predictable
transients in the closed loop system, and intuitive
interpretation of all the control components leading
to a very simple parametric synthesis of the con-
troller. Thanks to application of the Velocity Scaling
Block, which acts as a post-processing procedure
of the nominal control law, one guarantees a sim-
ple solution to the path following problem in the
presence of velocity constraints imposed on a robot
motion.

In the paper, the VFO controller has been formu-
lated for the generic kinematics of the unicycle. By
employing the cascade control approach, application
of the method can be relatively easily extended for
more complex kinematics of the car-like vehicles and
the non-Standard N-Trailer robots, see [22] and [20],
respectively.
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Appendix A

We start by writing the equivalent form u, =
¢¢qllh|ices. Now, by using the following relations

h hy
, WA g, 76)
Al I Al
(19)
and upon the fact that ce, =" c6,c6 + s6,s6, one may
write:

ur = gtallhlicea = gZall Bl (cOact + s0,50)

B _ cf | a6 [ tahs sahy 7| 0
= §§d||h||[C9a59a]|:Sei| = S‘;d“h”[ T ]

sO
ch 1
:gﬁ[m}@}{ﬁ}ngﬁ9+hﬁ)Q§M&ﬂ@,

where the latter formula corresponds to the second
component of control law (29).

Appendix B

The time derivative of error er can be expressed in

the form (36) by utilizing the equivalent from of con-

trol input u; = G(hxct + hysf) = ctyll hllceq

(see Appendix A), and by using Eq. 76 together with

elementary trigonometric relations:
(19
cd = c(0, —ey) = clyce, + sH,8e,,

8 2 5(8, — eq) = 0aceq — cOusea.

(77)
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Namely,

o QL F=Fi+Fy Y Fanctd + Fust
D ¢ (hech + hysO)(Fych + Fysh)

S¢all Rllceq(Fych + Fys6)

3

' eyl Bllceq [Fy(cBaceq + sBaseq)
+Fy(39acea - Ceasea)]

— hy h
© s;dnhnceu[Fx (C‘L cea + C”’Tyseu>
17l 17l

hy h
+F) (gd,) ceq— gd,X sea>} =
I &l Il Al

= GCeq [(Fxhx+Fyhy)ceu+(Fxhy_Fyhx)sea] . (18)

Recalling definitions (16) and (17) one may write:
hy = —vaFy /| VF| —kp FF /|| VF
hy = vaFy/| VF| = kyFFy/| VF].

Upon the above equations one can easily verify (by
direct computations) that

(Fxhx'i‘Fyhy):_ka”VF”’ (Fxhy_Fyhx):Ud”VF”'

Substituting the latter formulas to the right-hand side
of Eq. 78 yields the equation of the form (36).

Appendix C

By recalling (22), (23), and (24) one may express
the nominal time derivatives hy,(q) and hy,(q) as
follows:

hn(q) = usn He(g),  hyn(q) = uznHy(q)  (79)

where particular forms of H,(q) and Hy(q) result
from the combination of right-hand sides of Egs. 23
and 24 in 22. Now, one may write

i (q) 2 o @he(p) — Ry (p)hsn(g)
h%(p) + h%(p)
@9 _u2nHy(@)hx(p) — hy(p)uznHx(q)
B h2(p) + h3(p)
25) u2sHy(@)hx(p) — hy(p)uss He(q)
- 1n2(p) + h3(p)
9) u2Hy(q)hx(p) — hy(p)usHy(q)
B hn2(p) + h3(p)
hy(@)hy(p) — hy(p)hi(q)
h3(p) + h3(p)

=6.(q),

@ Springer

where 6, (g) is a time derivative of auxiliary angle (18)
with time derivatives £, (¢q) and hy(gq) computed by
employing the scaled (admissible) control input u, =

gu;'FO (in contrast to the nominal one u,, = MXF 0).

Appendix D

Computational steps of the angle (i) =
Atan2c (z1(i), z2(i)), if the arguments z1 (i), z2(i) are
determined in the discrete-time domain fori = t/7),
with sampling time 7}, and i € N, can be explained as
follows:

Stepl : T'(i) := Atan2 (z1(i), z2(i)) € [—m, ]
Step2: I'(i—1) := Atan2 (sy(i—1),cy(i—1)) € [—x, 7]
Step3: AL(i):=T()—TG — 1)
Stepd : Ay (i) := AT'(i)
IF AT(i) > +7 THEN Ay(i):= AT(G) — 27
IF AT (i) < —v THEN Ay(i):= AT(@G)+ 27
StepS: y(i) =y —1)+ Ay@)
where Atan2 (-, -) is the four-quadrant inverse tangent

function (the value range for Atan2 (-, -) is consistent
here with its implementation in Matlab).

Appendix E

Following the works [10, 11, 24, 32, 33], let us
formulate an underlying definition and a theorem con-
cerning a local version of the input-to-state stability
property useful in the context of formal considerations
included in Section 3.4.

Definition 2 The dynamical system
z=f(z,u,t), ue Dy (80)

with Dz = {z € R" : ||z|| < rz}, Dy = {u €
R™ : || u| < ry} is called locally input-to-state stable
(locally ISS) if there exist finite constants 7,,r, > 0
and functions B of class XL and y of class K such that
for all z(0) € Dz and u(r) € Dy satisfying || z(0)|| <
rz and sup,sq | u(?)|| < ry the following inequality
holds

z € Dy,

[z(®| < max {ﬂ(ll zO)l, ),y (Sup I u(l)ll>}

t>0

(81)
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forallr > 0.

Theorem 2 The system (80) is locally ISS (that is,
solution z(t) of Eq. 80 satisfies (81)) if there exists a
continuously differentiable function V(z,t) : Dz x
[0, 00) — R and functions a1, a2, a3, x of class KK
such that for all z € Dz, u € Dy, and t > 0 hold:

ar(llzl) = V(z.1) < aa(ll 2l

av oV

8—+—f(z, u,t) <—asz(|izll) for llzll= x (Il ul).
t 0z

As a consequence, the system (80) is locally ISS
according to Definition 2 with

re = a; a1 (rz)),
re = x ! (minf{re, x(rv)}),
v ()

a; (@ (x())).
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