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Abstract—Development of compact and easy to use mathe-
matical models of articulated vehicles for the motion planning,
control, and localization purposes becomes more and more im-
portant in the era of intelligent transportation systems, especially
when there exists a need of reliable predictions of motion for
multi-body (semi-)automated freight and public transportation
vehicles of various kinematic structures. We propose a modular
algorithmic approach to kinematic modelling of nonholonomic
(multi-)articulated buses, including the N-trailer vehicles as a
special case, comprising a car-like prime-mover passively inter-
connected with arbitrary number of segments (wagons/trailers)
equipped with fixed or steerable wheels, and with various locus
of a driving axle in a kinematic chain. Kinematic models are
valid under an assumption of a pure rolling of all the vehicle
wheels (no skid/slip motion), which is practically justified for the
low-speed maneuvering conditions. The proposed approach leads
to compact nonlinear models which, thanks to their modular
construction, preserve clear geometrical interpretation of velocity
couplings between the vehicle segments. Derivations of kinematic
models for popular structures of articulated and bi-articulated
urban buses are presented for various driving-axle locus and
steering capabilities. Experimental model validation, conducted
with a full-scale wagon-driven articulated bus, illustrates utility
of the approach.

Index Terms—articulated urban bus, N-trailer, kinematics,
modelling for control, experimental model validation

I. I NTRODUCTION

CONTEMPORARY development of public and freight
transportation leads towards the increase in demand

of large capacity vehicles and urban buses, [30], [15], [4].
This trend it justified by arguments of economic savings,
energy consumption conservation, and pollution level reduc-
tion caused by limiting a number of vehicles and human
drivers needed for translocation of large amount of goods and
people. As a consequence, manufacturers of trucks and urban
buses currently design the large capacity constructions in a
form of articulated and multi-articulated vehicles, see Fig. 1.
Application of articulations makes the long vehicles flexible
in use and admit agile maneuvering, even in cluttered (urban)
environments. However, maneuvering with long articulated ve-
hicles is difficult, burdening, and can be also dangerous, even
for experienced drivers. Difficulties come, apart from a limited
visibility range of a driver and substantial dimensions of a ve-
hicle’s body, from numerous specific properties characteristic
to multi-body nonholonomic kinematics. The latter have been
widely addressed in the literature for the case of tractor-trailer
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Poland (e-mail:{maciej.michalek/tomasz.gawron}@put.poznan.pl).

B. Patkowski is with the Solaris Bus & Coach S.A. company, Bolechowo,
Poland (e-mail: bartosz.patkowski@solarisbus.com).

Figure 1. The articulated urban busUrbino 18 Electricand the bi-articulated
trolleybusTrollino 24 produced by the Solaris Bus & Coach S.A. company.

vehicles – see for example [40], [29], [18], [1], [37], [9], [43].
On the other hand, definitely less attention has been paid in the
literature on kinematic modelling and analysis of the multi-
body buses which admit, in contrast to more conventional
tractor-trailer (or N-trailer) vehicles, more general steering and
driving schemes, where a traction drive can be mounted either
on a tractor or on a selected wagon unit, [6], [4]. In this sense,
the N-trailers can be treated as a special case of the articulated
structures. Although some modelling approaches have been
proposed for the articulated buses on a dynamical level, see
[7], [26], [24], [44], there is a need to develop methods
for reliable modelling approaches for the (multi-)articulated
vehicles and buses which would provide more compact models
being simpler in the practical usage and formal analysis, and
to be tractable by low-power computational units used in the
embedded (on-board) automated vehicle systems, [17], [16],
[35], [2]. Generic kinematic models of the multi-body vehicles,
describing a low-speed geometry of their constrained (non-
holonomic) motion [38], are expected to be useful in solving
such problems as: formal analysis of kinematic properties [14],
fast planning of nominal agile maneuvers [32], [13], [42], low-
cost simulation and motion prediction of a vehicle [21], [8],
[6], [22], [12], [10], feedback control and driver-assistance
design for low-speed maneuvering [3], [11], [32], optimization
of some construction/design parameters [36], [12], [25], as
well as for embedded solutions of the control and localization
tasks in the automated/intelligent vehicles [28], [19], [8], [33].

In view of the above considerations, we propose a mod-
ular generic framework which facilitates building compact
nonlinear kinematic models of the nonholonomic multi-body
articulated buses and N-trailers, which (thanks to a modular
structure) preserve a clear geometrical interpretation of veloc-
ity couplings between the vehicle segments. Generic nature
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and scalability of the approach admits: an arbitrary number
of articulations present in a vehicle chain, fixed or steerable
wheels of the vehicle’s segments (wagons/trailers), a various
location of a traction drive (i.e., a driven axle) in a kinematic
chain, and a flexible selection of a distinguished/reference
point of a vehicle. To the authors’ best knowledge the method-
ology described in this paper, in contrast to alternative works
addressing the problem of kinematic modelling of articulated
vehicles (see, e.g. [43], [1], [29], [37], [32]), provides a
modelling framework of a level of modularity, compactness
of formulation, and admissibility of possible design options
not available in the literature thus far. This paper builds upon
and extends the prior conference paper [34].

According to the above arguments, the modelling concept
will be basically presented for the articulated buses, since their
kinematic structures are more generic (they admit a wider
diversity of steering and driving schemes relative to the tractor-
trailers). We will refer, however, to the special case of N-
trailers where it is appropriate.

The rest of the paper is organized as follows. Section II
collects all the key assumptions, introduces the configuration
variables, control inputs, kinematic parameters, motion con-
straints, and the underlying kinematic relationships valid for
the articulated vehicles under consideration. The main result
in a form of the proposed modular modelling framework is
presented in Section III. Application examples of the frame-
work are provided in Section IV, where various versions of
kinematic models of the articulated and bi-articulated buses
are derived. Experimental validation results for the articulated
electric vehicle are presented in Section V, while Section VI
contains a qualitative comparison of the proposed kinematic
modelling with an alternative kinetic approach to modelling.
Section VII concludes the paper.
Notation: In the text, we denote: by|B| a cardinality of set
B, by ∅ the empty set, by0 the zero-vector of an appropriate
dimension, by, the equality by definition, by:= a substitution
operator; we use the auxiliary vectorsc⊤ , [1 0], d⊤ , [0 1],
and we write shortly: sα≡ sinα and cα≡ cosα.

II. A SSUMPTIONS AND BASIC RELATIONSHIPS

A. Main assumptions

We will consider the (multi-)articulated buses which com-
prise theN + 1 segments (bodies), namely, a car-like prime
mover (called tractor) with attached the (arbitrarily large)
number of N single-axle wagons equipped with fixed or
steerable wheels, see Fig. 2. All the bus segments are intercon-
nected in an open kinematic chain by the passive rotary joints
– every one located with a non-zero offset behind an axle
of a preceding segment. The kinematic modelling approach
proposed in this paper is valid under the following main
assumptions:
A1: Only planar motion of a bus is considered (i.e., the roll

and pitch degrees of freedom are neglected).
A2: All the vehicle’s wheels rotate without skid/slip effects.
A3: All the vehicle’s segments are treated as rigid bodies.
A4: A number of independent kinematic control inputs of the

vehicle model is equal to a total number of its degrees
of freedom in a planar motion.

A5: The front effective tractor’s wheel is actively steerable,
the rear effective wheel is fixed; the wheels of the wagons
can be either fixed or actively steerable.

A6: Only a fixed (non-steerable) wheel, either of a tractor or
of a selected wagon, can be actively driven.

Assumption A1 comes from the fact that we are mainly
interested in the low-speed planar maneuvers, like docking and
parking, etc., with buses in a (semi-)structured workspaces.
Assumption A2 is commonly formulated for the slowly mov-
ing wheeled vehicles and ensures preservation of the nonholo-
nomic constraints in the conditions of low-speed maneuvers
satisfying A1, [1], [38], [14]. Satisfaction of A2 is practically
justified when maneuvers are performed on a solid ground
with sufficient friction and traction forces acting between the
wheels and a motion surface [21]. Under these conditions,
any skid/slip effects usually do not affect a vehicle motion in a
substantial manner and can be neglected, [20]. Assumption A3
allows one to neglect any flexibilities of the vehicle’s bodies
under the low-speed motion conditions. A4 prevents a non-
uniqueness in determination of the vehicle-body velocities on
a kinematic level in the planar motion conditions. Assumption
A5 admits a conventional car-like tractor unit (for which,
in most cases, the rear axle is fixed) and fairly general
constructions of the multi-body vehicle in the context of
its steering capabilities. In the articulated buses, one usually
avoids steering of those wheels which are driven by actuators.

B. Vehicle’s configuration, parameters, inputs, and constraints

A single-track kinematic structure of a multi-articulated
vehicle is presented in Fig. 2. The vehicle’s segments are
numbered byi = 0, 1, . . . , N ; the tractor is a segment number
0, while the last wagon is a segment numberN . Every
segment is characterized by two kinematic parameters: the
segment lengthLi > 0 and the hitching offsetLhi > 0 (only
positive offsets are present in the articulated buses, in contrast
to tractor-trailer vehicles, [1], [9]). The effective wheels of
wagons can be fixed or actively steerable. Let us introduce
a set of indexes,Is ⊆ {1, . . . , N}, containing indexes of

Figure 2. A single-track kinematic structure of a multi-articulated bus
comprising a tractor and theN wagons with (possibly) steerable wheels.
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those wagons which have steerable wheels. A configuration
of the articulated vehicle can be uniquely determined by the
following variables:

• a steering angle of a tractor’s effective steering wheel

γF ∈ QF , [−γ̄F ; γ̄F ], γ̄F ∈ (0;π/2), (1)

where γ̄F comes from a limited mechanical range of a
pivoting motion of the effective steering wheel,

• a pose of adistinguishedjth segment,j ∈ {0, 1, . . . , N},

qj , [θj xj yj ]
⊤ = [θj p⊤

j ]
⊤ ∈ S

1 × R
2, (2)

comprising the orientation angleθj of a segment body,
and the positionpj of a midpoint of its wheels’ axle,

• theN joint angles (i= 1, . . . , N )

βi , (θi−1 − θi) ∈ QB , [−β̄i, β̄i], β̄i ∈ (0;π/2), (3)

whereβ̄i comes from an admissible mechanical range of
the joint angle between the segmentsi and i− 1,

• a number ofS = |Is| steering angles of actively steerable
wagon wheels (0≤ S ≤ N )

γs ∈ Qs , [−γ̄s; γ̄s], γ̄s ∈ (0;π/2), s ∈ Is. (4)

We can collect the configuration variables in a vector

q , [γF β1 . . . βN γ⊤
s q⊤

j ]
⊤ ∈ Q, (5)

whereγs is the S-dimensional vector of wagon steering angles,
dim(q) = 4 +N + S, andQ = QF ×QN

B ×QS
s × S

1 ×R
2.

Remark 1: In general, the distinguished segment, of a
pose represented by (2), can be chosen arbitrarily. However,
in particular applications of a model, one may select the
distinguished segment upon specific needs, for example: as
a guiding segment of a vehicle (if the segment is crucial for
the motion control or planning objectives), as a measurement
segment (if the segment carries sensors providing a vehicle’s
localization or feedback signals), as a reference segment
(if the segment is crucial for a synchronization with some
external system or for a motion performance assessment), etc.

Let us denote byωi andvi, i = 0, . . . , N , respectively, an
angular velocity of theith vehicle’s segment and a longitudinal
velocity of a mid-pointpi of the effective wheel belonging
to the ith segment, see Fig. 2. The velocityv0 relates to a
(fixed) rear effective wheel of a tractor. Introducing a motion
curvature

κi , ωi/vi (6)

of theith segment, and recalling the well-known relationω0 =
(v0/L0) tan γF for the car-like kinematics, one observes that
the bounded setQF defined in (1) limits a maximal admissible
absolute motion curvature of a tractor segment:

∀ t ≥ 0 |κ0(t)| ≤ κ̄0 = (tan γ̄F )/L0. (7)

Furthermore, by assumptions A2 and A5, the following
motion constraints must be satisfied:

ẋF sin(θ0 + γF )− ẏF cos(θ0 + γF ) = 0,

ẋi sin(θi + γi)− ẏi cos(θi + γi) = 0, (8)

rξF = vF , rξi = vi, i = 0, 1, . . . , N,

where r is the (effective) radius of a wheel (assuming the
same radii for all the wheels of a vehicle), whereasξF andξi
are the angular speeds, respectively, of the tractor’s effective
steering wheel and theith segment’s effective wheel (γi ≡
0 if the ith wheel is non-steerable). Under assumptions A2
and A5, kinematics of an articulated bus is represented by
S +N + 4 configuration variables and has (upon (8))N + 2
nonholonomic constraints imposed. The first two constraints
in (8) express the requirement of zeroing the sums of all the
velocity components projected on the directions perpendicular
to the planes of particular wheels (the constraints commonly
defined for the nonholonomic wheeled vehicles, [29], [1], [5]).
Thus, on a kinematic level, the total number of degrees of
freedom of a bus is equal toS +N + 4− (N + 2) = S + 2.
Therefore, onlyS+2 independent kinematic control inputs can
be selected for this kind of vehicle (this result quantitatively
complements the assumption A4).

Independent control inputs of the (multi-)articulated bus
include

• steering rates of the steering wheels:

ζF ∈ UF , [−ζ̄F ; ζ̄F ] for a tractor, (9)

ζs ∈ Us , [−ζ̄s; ζ̄s], s ∈ Is for wagons, (10)

• a single driving longitudinal velocity

vk ∈ Uv , [−v̄; v̄] (11)

of a driven axle of thekth vehicle’s segment,

where ζ̄F , ζ̄s, v̄ ∈ (0,∞) are the upper kinematic control
bounds imposed either by properties of the actuators or, more
conservatively, by motion safety conditions. As a consequence,
the available(2 + S)-component kinematic control input of a
multi-articulated bus takes the following general form

u ,

[
ζF
ζs
vk

]

∈ U , UF × Us × . . .× Us
︸ ︷︷ ︸

S times

×Uv, (12)

whereζs = [ζs : s ∈ Is]
⊤ is theS-dimensional vector of the

steering rates for all the effective wagon wheels which are
actively steerable.

Remark 2:A selection of the indexk, introduced in (11),
is not arbitrary – it depends on a vehicle’s driving scheme.
Various driving schemes are used in practical constructions of
buses (see Section IV).

C. Underlying kinematic relationships in a modular form

We will determine a set of underlying kinematic relation-
ships which are useful to formulate the kinematic modelling
approach of the articulated buses in a modular form.

Using the steering rates introduced in (9), one can directly
write the steering kinematics

γ̇F = ζF , γ̇s = ζs, s ∈ Is, (13)

recalling (upon assumption A5) thatγ0 ≡ 0, thus{0} 6∈ Is.
Next, upon the kinematic scheme presented in Fig. 3, ex-

plaining the geometric projections of velocity components on
the ith passive joint (i= 1, . . . , N ), one can easily derive (see
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Figure 3. A kinematic structure of an articulated kinematic pair with steerable
wheels explaining velocity components projected on the joint and the concept
of a virtual steering wheel located in the joint (see [1]).

also [37], [9]) the following velocity transformation between
any two neighbouring vehicle’s segments:

[
ωi

vi

]

︸︷︷︸

ui

=

[

−Lhi

Li

c(βi−γi)
cγi

s(βi−γi+γi−1)
Li cγi

Lhi
sβi

cγi
c(βi+γi−1)

cγi

]

︸ ︷︷ ︸

Ji(βi,γi,γi−1)

[
ωi−1

vi−1

]

︸ ︷︷ ︸

ui−1

, (14)

where ui and ui−1 are the vectors of (pseudo-)velocities,
respectively, of the ith and (i − 1)st segments, while
Ji(βi, γi, γi−1) is a velocity transformation matrix. An inverse
of this matrix takes the form

J−1
i (βi, γi, γi−1) =

[

− Li

Lhi

c(βi+γi−1)
cγi−1

s(βi−γi+γi−1)
Lhicγi−1

Li
sβi

cγi−1

c(βi−γi)
cγi−1

]

.

(15)
Remark 3: It is evident upon (14) and (15) that the

transformation matrixJi(βi, γi, γi−1) is well determined for
all βi ∈ [−π, π) if only |γi| < π/2, while the inverse matrix
J−1
i (βi, γi, γi−1) is well determined for allβi ∈ [−π, π) if

Lhi 6= 0 and |γi−1| < π/2. Since in the articulated buses
holdsLhi > 0 for all i, the only restricting conditions concern
the steering angles which in all practical constructions are
satisfied.

Let us introduce two auxiliary vectorsc⊤ , [1 0] andd⊤ ,

[0 1], and an auxiliary matrix

Γi(βi, γi, γi−1) , I − Ji(βi, γi, γi−1),

where I ∈ R
2×2 is an identity matrix. Now, we can write

ωi = c⊤ui andvi = d⊤ui. By time-differentiation of (3) one
can express the joint-angle kinematics as follows

β̇i = ωi−1 − ωi = c⊤ [ui−1 − ui]

(14)
= c⊤[J−1

i (βi, γi, γi−1)− I]ui

= c⊤Γi(βi, γi, γi−1)J
−1
i (βi, γi, γi−1)ui, (16)

which is valid for i = 1, . . . , N .
To extend the concept of virtual steering wheels (see [1]),

let us introduce a virtual steering angleδi , (βi − αi) ∈
(−π/2;π/2) of a virtual steering wheel located at theith
passive joint as depicted in Fig. 3. The virtual steering wheel

determines an instantaneous direction of a resultant longitudi-
nal velocityvδi of theith rotary joint. By elementary geometric
arguments, one can verify upon Fig. 3 that

δi = βi − arctan

(
Lhiκi−1

cos γi−1
− tan γi−1

)

, (17)

whereκi−1 is a motion curvature of the(i−1)st segment (cf.
(6)). Having the virtual steering angle (17) and the velocity
vδi, one can expressωi = (vδi sin δi − vi sin γi)/Li (see
Fig. 3) which, under the constraintvδi cos δi − vi cos γi = 0
resulting from assumption A3, allows expressing the curvature
κi defined by (6) as dependent only on angles, that is,

κi =
cos γi
Li

(tan δi − tan γi) =
sin(δi − γi)

Li cos δi
. (18)

The above formula remains valid fori = 1, . . . , N ; for i = 0
a motion curvature of the tractor’s body reduces to the well
known relation (cf. (7))

κ0(γF ) =
1

L0
tan γF . (19)

Observing thatδi = δi(βi, γi−1, κi−1), and after combining
(18) with (17), one derives a recursive formula for a motion
curvature of theith segment, i.e.,

κi(βi, γi, γi−1, κi−1) =
sin(δi(βi, γi−1, κi−1)− γi)

Li cos δi
. (20)

which, after a substitution to the right-hand side of (20)
the termsκi−1 = κi−1(βi−1, γi−1, γi−2, κi−2), . . . , κ1 =
κ1(β1, γ1, 0, κ0) together with (19), leads to the form
κi(γF , β1, . . . , βi, γ1, . . . , γi) expressed solely with the joint
angles and the steering angles of the successive segments,
beginning from the tractor and finishing on theith segment.
As a consequence, and recalling definition (6), the velocity
vectorui introduced in (14) can be expressed in the form

ui =

[
κi(β1, . . . , βi, γF , γ1, . . . , γi)

1

]

vi, (21)

whereγl ≡ 0 for any index1 ≤ l ≤ i such thatl 6∈ Is.

Remark 4:Expressingκi in the form (20) is beneficial
because one can avoid singularities of (6), in the case of zero
velocities, and its potential numerical sensitivity in the case
of a very slow motion of a vehicle. On the other hand, (20)
is bounded only if|δi| < π/2; this constraint usually delimits
from above an admissible maximal absolute value of|βi| by
some upper boundbi > 0. However, ifbi ≥ β̄i (see (3)), such
a limitation does not impose any new practical constraints –
in this context, the reader is referred also to Remark 8 in
Section IV.

The last relationship, needed for the purposes of modelling,
is the kinematics of anyjth rigid body of a vehicle satisfying
constraints (8), which can be represented by the unicycle-like
model:

q̇j ,





θ̇j
ẋj

ẏj



 =





c⊤

d⊤ cos(θj + γj)
d⊤ sin(θj + γj)





︸ ︷︷ ︸

G(θj ,γj)

[
ωj

vj

]

︸ ︷︷ ︸

uj

, (22)

whereγj ≡ 0 if j 6∈ Is (note:γ0 ≡ 0 by assumption A5).
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III. M ODULAR MODELLING FRAMEWORK

Having derived the basic relationships (13), (16), (14), (22),
and (21), one can formulate the modular approach to kinematic
modelling of articulated vehicles after selecting (as input data
to the algorithm):

• a number of articulations,N , present in a vehicle chain,
• the axles of wagons equipped with steerable wheels,
• a vehicle’s distinguished segment (a tractor or one of the

wagons),
• a location of a driving axle (the rear tractor’s axle or an

axle of one of the wagons with non-steerable wheels).

The modelling algorithm consists of the following steps:

S1: Select the set of indexesIs corresponding to the wag-
ons’ axles with actively steerable wheels. Formulate the
steering kinematics (13).

S2: For i := 1 to N derive the joint kinematics (16) taking
γi ≡ 0 if i 6∈ Is.

S3: Select an indexj of the distinguished vehicle’s segment
with pose (2), and write its body-kinematics (22) using
the indexj. Takeγj ≡ 0 if j 6∈ Is.

S4: Select an indexk of the driving axle and the driving
velocity vk; express all the velocity vectorsui and uj

appearing, respectively, in steps S2 and S3 with the
velocity uk = [ωk vk]

⊤ applying the transformation (14)
or its inverse.

S5: Express the velocityuk in the resultant equations ob-
tained in step S4 in the form (21) using the curvatures
(20) and (19).

S6: Collect the steering kinematics from step S1, the joint
kinematics from step S2, and kinematics of the distin-
guished segment from step S3 (the latter two expressed
with the velocityuk) into the resultant driftless dynamical
system

q̇ = S(q)u (23)

with configuration (5) and control input (12), where
dim(S) = (4 +N + S)× (2 + S) andS = |Is|.

Remark 5:In most practical applications (except, e.g., some
articulated fire trucks), the steering inputsζs (for s ∈ Is) are
directly related to other configuration variables of a vehicle
by some feedback control functions, e.g.ζs = ζs(q), usually
designed in order to automatically decrease the so-called
maximal off-track of a cornering vehicle, see e.g. [19], [16].
In this case, only a two-component vectoru = [ζ0 vk]

⊤

remains to the user disposal as an independent kinematic
control input in (23).

Remark 6:In the contemporary constructions of articulated
buses, the driving axle can be located either on a prime-mover
or on a wagon, thusk ∈ {0, . . . , N}. However, in the case
of typical tractor-trailer (N-trailer) vehicles, the driven axle is
usually located on a tractor, that is,k = 0.

Remark 7:Sometimes, more than only one axle is driven
in a chain of an articulated vehicle in order to improve
effectiveness of traction forces generation. However in such a

case, still only a single axle is driven independently, while the
other ones must be synchronized with thisreference driving-
axle to satisfy assumptions A2-A4. The indexk, which has
to be selected in step S4, should indicate just this reference
driving-axle.

IV. EXAMPLES

In this section, we provide several derivation examples of
kinematic models for the two most popular articulated bus
structures used in a public transportation today: a two-body
bus with a single articulation (in two versions of a driving
axle locus), and a bi-articulated three-body bus.

A. Derivation of models for a bus with a single articulation

Figure 4 presents two possible structures of a two-body
articulated bus (N= 1): the so-calledpushing articulated bus
(or pusher, [6], [15], [4]), where the wagon’s axle is driven
(k = 1) but is non-steerable (Is = ∅), and the so-calledpulling
articulated bus(or puller, [6], [15]), where the driven axle is
located on the tractor segment (k= 0) but the wagon’s axle
is steerable (Is = {1}).

Figure 4. Kinematic structures of buses with a single articulation: thepusher
(left) with a driven but non-steerable wagon axle, and thepuller (right) with a
non-driven but steerable wagon axle; kinematic control inputs are highlighted
in blue for both structures.

1) Modelling a pushing bus with a fixed wagon wheel:Let
us go through the particular design steps.
Step S1: SinceIs = ∅, we write only

γ̇F = ζF . (24)

Step S2: Fori = 1 = N we have

β̇1 = c⊤Γ1(β1, 0, 0)J
−1
1 (β1, 0, 0)u1, (25)

where
J−1
1 (β1, 0, 0) =

[
−

L1
Lh1

cβ1
1

Lh1
sβ1

L1sβ1 cβ1

]

(26)

is the inverse transformation matrix (15) in a reduced form
obtained forγ1 = γ0 ≡ 0.
Step S3: If the wagon is a distinguished segment we take
j = 1, thus

q̇1
(22)
= G(θ1, 0)u1, q1 = [θ1 x1 y1]

⊤, (27)
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sinceγ1 ≡ 0.
Step S4: For thepushingarticulated bus we have to selectk =
1, determiningv1 as a longitudinal-velocity input of a model.
Sinceu1 = [ω1 v1]

⊤ is already present in the formulas derived
in steps S2-S3, there is no need here to use the transformation
(14).
Step S5: We express

u1 =
[
κ1(γF ,β1)

1

]
v1, (28)

with the curvature reduced in this case to (see (20) and (17))

κ1(β1, γF ) =
1

L1
tan

(

β1 − arctan

(
Lh1

L0
tan γF

))

︸ ︷︷ ︸

δ1(β1,γF )

. (29)

Step S6: By collecting the formulas (24), (25), and (27), and
by replacingu1 with (28), one obtains the following kinematic
model (the zero arguments of matrices have been omitted for
compactness)

[
γ̇F

β̇1

q̇1

]

︸ ︷︷ ︸

q̇

=





1 0

0 c⊤
Γ1(β1)J

−1
1 (β1)

[

κ1(γF ,β1)
1

]

0 G(θ1)
[

κ1(γF ,β1)
1

]





︸ ︷︷ ︸

S(q)∈R5×2

[
ζF
v1

]

︸ ︷︷ ︸

u

(30)

=






1 0

0 −
(

1+
L1
Lh1

cβ1

)

κ1(γF ,β1)+
1

Lh1
sβ1

0 κ1(γF ,β1)
0 cθ1
0 sθ1






[
ζF
v1

]

with configurationq , [γF β1 q⊤
1 ]⊤ and inputu = [ζF v1]

⊤.

Remark 8:The derived model (30) is well defined if the
curvature |κ1(γF , β1)| is bounded, which corresponds (see
(20)) to the condition|δ1(γF , β1)| < π/2. Recalling (17), the
latter inequality leads to the worst-case condition

|β1| <
π

2
− arctan

(
Lh1

L0
tan γ̄F

)

. (31)

Knowing the values of the kinematic parameters of a bus, one
can check if (31) is limiting in practice or not. For example,
taking the parameters of theUrbino 18 Electric articulated
bus, manufactured by the Solaris Bus & Coach S.A. company,
[4], [27], we haveγ̄F ≈ 42 deg,β̄1 ≈ 54deg,Lh1 ≈ 1.789m,
and L0 = 5.9m. In this case, the inequality (31) leads to
|β1| < b1 = 74.7 deg. Sinceb1 > β̄1, the condition (31) is
always satisfied for theUrbino 18 Electric bus if only the
mechanical limitations imposed bȳβ1 are not violated (see
Remark 4).

To show modularity of the proposed algorithm, let us select
the tractor as a distinguished segment now. In this case,Step 1
andStep 2follow in the same manner as above, thus we need
to proceed from the next step.
Step S3: If the tractor is a distinguished segment we take
j = 0, and now

q̇0 = G(θ0, 0)u0, q0 = [θ0 x0 y0]
⊤, (32)

sinceγ0 ≡ 0 (by assumption A5).
Step S4: For thepushingarticulated bus we selectk = 1.

Becauseu1 = [ω1 v1]
⊤ is not present in the formula (32), we

apply the transformation (14) to write

u0
(14)
= J−1

1 (β1, 0, 0)u1, (33)

where the form of matrixJ−1
1 (β1, 0, 0) comes from (26).

Step S5: We expressu1 analogously as in (28) using the
curvature (29).
Step S6: By collecting the formulas (24), (25), together with
(32) and (33), and by replacingu1 with (28), one obtains the
following kinematic model (the zero arguments of matrices
have been omitted for compactness)

[
γ̇F

β̇1

q̇0

]

︸ ︷︷ ︸

q̇

=





1 0

0 c⊤
Γ1(β1)J

−1
1 (β1)

[

κ1(γF ,β1)
1

]

0 G(θ0)J
−1
1 (β1)

[

κ1(γF ,β1)
1

]





︸ ︷︷ ︸

S(q)∈R5×2

[
ζF
v1

]

︸ ︷︷ ︸

u

(34)

=






1 0

0 −
(

1+
L1
Lh1

cβ1

)

κ1(γF ,β1)+
1

Lh1
sβ1

0 (sβ1−L1cβ1κ1(γF ,β1))/Lh1

0 (cβ1+L1sβ1κ1(γF ,β1))cθ0
0 (cβ1+L1sβ1κ1(γF ,β1))sθ0






[
ζF
v1

]

with configurationq , [γF β1 q⊤
0 ]

⊤ and inputu = [ζF v1]
⊤.

2) Modelling a pulling bus with a steerable wagon wheel:
Let us go through the particular design steps.
Step S1: SinceIs = {1}, we write

γ̇F = ζF and γ̇1 = ζ1. (35)

Step S2: Fori = 1 = N we have

β̇1 = c⊤Γ1(β1, γ1, 0)J
−1
1 (β1, γ1, 0)u1, (36)

where

J−1
1 (β1, γ1, 0) =

[
−

L1
Lh1

cβ1
1

Lh1
s(β1−γ1)

L1sβ1 c(β1−γ1)

]

(37)

is the inverse transformation matrix (15) in a reduced form
obtained forγ0 ≡ 0 (by assumption A5).
Step S3: If the wagon is a distinguished segment we take
j = 1 and

q̇1
(22)
= G(θ1, γ1)u1, q1 = [θ1 x1 y1]

⊤. (38)

Step S4: For thepulling articulated bus we have to select
k = 0, determiningv0 as a longitudinal-velocity input of a
model. Sinceu0 = [ω0 v0]

⊤ is not present in the formulas
derived in steps S2-S3, we have to apply the transformation
(14) by writing

u1
(14)
= J1(β1, γ1, 0)u0, (39)

where the form of matrixJ1(β1, γ1, 0) comes from (14)
written for γ0 ≡ 0.
Step S5: We express now

u0 =
[
κ0(γF )

1

]
v0, (40)

with the tractor segment curvatureκ0(γF ) determined by (19).
Step S6: By collecting the formulas (35), (36), together with
(38) and (39), and by replacingu0 with (40), one obtains the
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following kinematic model (the zero arguments of matrices
have been omitted for compactness)
[

γ̇F

β̇1

γ̇1

q̇1

]

︸ ︷︷ ︸

q̇

=





1 0 0

0 0 c⊤
Γ1(β1,γ1)

[

κ0(γF )
1

]

0 1 0

0 0 G(θ1,γ1)J1(β1,γ1)
[

κ0(γF )
1

]





︸ ︷︷ ︸

S(q)∈R6×3

[
ζF
ζ1
v0

]

︸ ︷︷ ︸

u

(41)

=








1 0 0

0 0
(

1+
Lh1c(β1−γ1)

L1cγ1

)

κ0(γF )−
s(β1−γ1)
L1cγ1

0 1 0
0 0 (s(β1−γ1)−Lh1c(β1−γ1)κ0(γF )) 1

L1cγ1

0 0 (c(θ1+γ1)cβ1+Lh1sβ1c(θ1+γ1)κ0(γF )) 1
cγ1

0 0 (s(θ1+γ1)cβ1+Lh1sβ1s(θ1+γ1)κ0(γF )) 1
cγ1








[
ζF
ζ1
v0

]

with configuration q , [γF β1 γ1 q⊤
1 ]

⊤ and input
u = [ζF ζ1 v0]

⊤.

To illustrate modularity of the proposed approach, let us
select the tractor as a distinguished segment. In this case,Step
1 and Step 2 follow in the same manner as above, thus we
proceed from the next step.
Step S3: If the tractor is a distinguished segment we take
j = 0, and

q̇0 = G(θ0, 0)u0, q0 = [θ0 x0 y0]
⊤, (42)

sinceγ0 ≡ 0 (by assumption A5).
Step S4: For thepulling articulated bus we selectk = 0.
Becauseu0 = [ω0 v0]

⊤ is not present in the formula (36), we
apply the transformation (14) to write the relation (39).
Step S5: We expressu0 analogously as in (40) using (19).
Step S6: By collecting the formulas (35), (36), together with
(42) and (39), and by replacingu0 with (40), one obtains the
following kinematic model (the zero arguments of matrices
have been omitted for compactness)

[
γ̇F

β̇1

γ̇1

q̇0

]

︸ ︷︷ ︸

q̇

=





1 0 0

0 0 c⊤
Γ1(β1,γ1)

[

κ0(γF )
1

]

0 1 0

0 0 G(θ0)
[

κ0(γF )
1

]





︸ ︷︷ ︸

S(q)∈R6×3

[
ζF
ζ1
v0

]

︸ ︷︷ ︸

u

(43)

=







1 0 0

0 0
(

1+
Lh1c(β1−γ1)

L1cγ1

)

κ0(γF )−
s(β1−γ1)
L1cγ1

0 1 0
0 0 κ0(γF )
0 0 cθ0
0 0 sθ0







[
ζF
ζ1
v0

]

with configuration q , [γF β1 γ1 q⊤
0 ]

⊤ and input
u = [ζF ζ1 v0]

⊤.

B. Derivation of a model for a bus with a double articulation

Figure 5 illustrates a kinematic structure of a three-body
bi-articulated bus (N= 2). In this structure, the first wagon’s
axle is driven (k= 1) but is non-steerable, while the second
wagon’s axle is non-driven but steerable (Is = {2}) – it is
practically justified due to a considerable length of the vehicle.
We can call this kind of a vehicle thepushing-pullingbus (or
pusher-puller), see [4]. Let us go through the particular design
steps.
Step S1: SinceIs = {2}, we write

γ̇F = ζF and γ̇2 = ζ2. (44)

Figure 5. A kinematic structure of a bi-articulatedpushing-pullingbus with
a driven but non-steerable first wagon axle and a non-driven but steerable
second wagon axle; kinematic control inputs are highlighted in blue.

Step S2: Fori = 1 and i = 2 we have

β̇1 = c⊤Γ1(β1, 0, 0)J
−1
1 (β1, 0, 0)u1, (45)

β̇2 = c⊤Γ2(β2, γ2, 0)J
−1
2 (β2, γ2, 0)u2, (46)

whereJ−1
1 (β1, 0, 0) results from (26), while

J−1
2 (β2, γ2, 0) =

[
−

L2
Lh2

cβ2
1

Lh2
s(β2−γ2)

L2sβ2 c(β2−γ2)

]

(47)

is the inverse transformation matrix (15) in a reduced form
obtained forγ1 ≡ 0.
Step S3: If the second wagon is a distinguished segment we
take j = 2 and

q̇2
(22)
= G(θ2, γ2)u2, q2 = [θ2 x2 y2]

⊤. (48)

Step S4: For thepushing-pullingbi-articulated bus we select
k = 1, determiningv1 as a longitudinal-velocity input of a
model. Sinceu1 = [ω1 v1]

⊤ is not present in the formulas
(46) and (48), we have to apply the transformation (14) to
write

u2
(14)
= J2(β2, γ2, 0)u1, (49)

where the form of matrixJ2(β2, γ2, 0) comes from (14)
written for γ1 ≡ 0.
Step S5: We expressu1 analogously as in (28) using the
curvature (29).
Step S6: By collecting the formulas (44), (45)-(46), together
with (48) and (49), and by replacingu1 with (28), one obtains
the following kinematic model (the zero arguments of matrices
have been omitted for compactness)






γ̇F

β̇1

β̇2

γ̇2

q̇2






︸ ︷︷ ︸

q̇

=








1 0 0

0 0 c⊤
Γ1(β1)J

−1
1 (β1)

[

κ1(γF ,β1)
1

]

0 0 c⊤
Γ2(β2,γ2)

[

κ1(γF ,β1)
1

]

0 1 0

0 0 G(θ2,γ2)J2(β2,γ2)
[

κ1(γF ,β1)
1

]








︸ ︷︷ ︸

S(q)∈R7×3

[
ζF
ζ2
v1

]

︸ ︷︷ ︸

u

(50)
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Figure 6. Drawings of theUrbino 18 Electric pushing articulated urban
bus used in the validation experiments; the locations of two DGPS antennas
mounted on the wagon’s roof are denoted.

with configuration q , [γF β1 β2 γ2 q⊤
2 ]

⊤ and input
u = [ζF ζ2 v1]

⊤.

Remark 9:It is worth stressing that the proposed method-
ology can be also applied to modelling the tractor-trailer
(more general: N-trailer) vehicles, [1], [9]. For example, if
we consider thepulling bi-articulated bus (N= 2), [6], where
the rear axle of a tractor is driven (k= 0) and if axles of
both wagons are steerable (Is = {1, 2}), then application
of the modelling algorithm, and treating the last wagon as
a distinguished segment, leads to the kinematics (cf. [34])







γ̇F

β̇1

β̇2

γ̇1

γ̇2

q̇2







︸ ︷︷ ︸

q̇

=









1 0 0 0

0 0 0 c⊤
Γ1(β1,γ1)

[

κ0(γF )
1

]

0 0 0 c⊤
Γ2(β2,γ2,γ1)J1(β1,γ1)

[

κ0(γF )
1

]

0 1 0 0
0 0 1 0

0 0 0 G(θ2,γ2)J2(β2,γ2,γ1)J1(β1,γ1)
[

κ0(γF )
1

]









︸ ︷︷ ︸

S(q)∈R8×4

[
ζF
ζ1
ζ2
v0

]

︸ ︷︷ ︸

u

where the steering anglesγ1 and γ2 belong to the eight-
dimensional configuration vector, whereas a control input is
four-dimensional now. The above model is equivalent to the
multi-steering 2-trailer kinematics [43], [37] (more strictly:
multi-steering non-Standard 2-Trailer kinematics, [9]). Since
in the case of N-trailers the driving axle is usually placed on
a tractor segment (k= 0), any inverse transformation matrices
(15) are not required in a formulation of the kinematic model.
As a consequence, the proposed modular modelling concept
can be directly applied to the N-trailer vehicles with any type
of hitching (i.e., admittingLhi > 0, Lhi < 0, and also the
on-axle interconnections for whichLhi = 0).

V. EXEMPLARY EXPERIMENTAL VALIDATION

The model of a pushing articulated bus, represented by for-
mula (30), has been experimentally validated using theUrbino
18 Electricvehicle (manufactured by the Solaris Bus&Coach
S.A. company1) presented with dimensions in Fig. 6 (cf.
Fig. 1). The kinematic parameters of the bus are collected
in Table I. During the experimental tests, the following
signals were available on board: the angles of a steering wheel
αsensorand of a vehicle’s jointβ1sensorprovided by the build-in
sensors, the longitudinal velocityv0tacho of a fixed-axle’s mid-
point P0 = (x0, y0) of a tractor provided by a tachometer,

1https://www.solarisbus.com/en

Figure 7. An implementation scheme of the simulation model (30) used for
the validation purposes (RB = reconstruction block).

the angular speedsµRencoder (right) andµLencoder (left) of the
wagon’s wheels, as well asνRencoder(right) andνLencoder(left)
of the fixed tractor’s wheels, estimated upon the measurements
obtained from the wheels’ encoders, and global coordinates
(xj , yj), j ∈ {A,B}, of two DGPS antennas mounted on a
wagon’s roof as depicted in Fig. 6. The signals were recorded
with a sampling intervalTp = 1 s for the DGPS source, and
a mean sampling intervalTd ≈ 0.005 s for all other sources.
Upon the available measurements, the followingground-truth
signals have been reproduced off-line for the model validation
purposes: the steering angleγF of an effective steering wheel
of a tractor (cf. Fig. 4) reconstructed uponαsensor and a
steering mechanism characteristic (see Appendix A), DGPS-
based coordinates of the pointP1 := (x1DGPS, y1DGPS) and
the orientationθ1DGPS of a wagon’s body in a global frame,
the longitudinal speedv1tacho of point P1, and the pairs of
angular velocitiesω0tacho, ω0encoderandω1tacho, ω1encoderof the
tractor’s and wagon’s bodies, respectively. The velocities have
been computed according to the formulas:

ω0tacho := (v0tachotan γF )/L0,

ω0encoder:= re(νRencoder− νLencoder)/D0,
[
ω1tacho

v1tacho

]

:= J1(β1sensor, 0, 0)

[
ω0tacho

v0tacho

]

, (51)

ω1encoder:= re(µRencoder− µLencoder)/D1,

wherere denotes aneffective dynamic radiusof a bus wheel
(for derivations and details see, e.g., [23], pp. 249-250, or
[39]), while D0 andD1 represent the spacings of the tractor’s
and wagon’s wheels, respectively (see Table I and Fig. 6).

An implementation scheme of the simulation model (30)
used for the validation purposes is presented in Fig. 7. Note
that in practical conditions, the bus is equipped with a steering

Table I
SELECTED KINEMATIC PARAMETERS OF THE EXPERIMENTAL BUS

parameter value description

re 0.467 m effective radius of a wheel

L0 5.900 m tractor’s length
Lh1 1.789 m hitching offset
L1 4.211 m wagon’s length

DF 2.104 m spacing of tractor’s steering wheels
D0 1.862 m spacing of tractor’s fixed wheels (cf. Fig. 6)
D1 1.862 m spacing of wagon’s wheels (cf. Fig. 6)

dA 2.557 m distance fromP1 to antenna A
dB 3.268 m distance fromP1 to antenna B

β̄1 54 deg maximal admissible absolute joint angle
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angle sensor of a steering-wheel instead of a steering rate sen-
sor. Therefore, the block scheme in Fig. 7 contains the MUX
block which switches the source of angleγF from an output
of the integrator directly to an output of the steering-angle
reconstruction block (RB, see Appendix A). As a consequence,
the two inputs to the model are now: the reconstructed steering
angleγF and the longitudinal wagon’s velocityv1tacho.

Validation experiments have been conducted for three sce-
narios: for a slanted parking maneuver (Sc1), for a loop-ride
maneuver (Sc2), and for a bus-bay transit menauver (Sc3).
In scenario Sc1, a human driver brought the vehicle from an
initial stop configuration to a final stop configuration inside
a slantwise located parking lot. In scenario Sc2, a driver
moved the bus along a loop-path in the counterclockwise
direction. During the Sc3 scenario, a driver entered with
the vehicle a bus bay, stopped the vehicle for a while, and
next departed the bus bay. The model inputs,γF (t) and
v1tacho(t), recorded for all three motion scenarios are provided
in Fig. 8. For all the scenarios, the validated model outputs
were initialized with the first measurement data points, that is,
q(0) := [γF (0) β1sensor(0) θ1DGPS(0) x1DGPS(0) y1DGPS(0)]

⊤ .
Selected validation results obtained for the scenarios Sc1, Sc2,
and Sc3 are illustrated in Figs. 9, 10, and 11, respectively.

Effectiveness of the model can be assessed by analysing the
differences between the ground-truth plots vs. the correspond-
ing model responses obtained upon:

• the integral-based computations – by comparing the
pairs of paths(x1DGPS, y1DGPS) vs. (x1model, y1model), and
the plots θ1DGPS(t) vs. θ1model(t), and β1sensor(t) vs.
β1model(t),

• the non-integral-based computations – by comparing
the plots of the angular speedsω1encoder(t) vs. ω1tacho(t)
vs. ω1model(t), and the joint-angle rateṡβ1encoder(t) :=

0 5 10 15 20 25 30 35 40

time [s]0

10

20

30
v1tacho  [dm/s] γF [deg] (a)

0 20 40 60 80 100 120 140

time [s]
0

10

20

30

40
v1tacho  [dm/s] γF [deg] (b)

0 10 20 30 40 50 60

time [s]
-10

0

10

20

30
v

1tacho
 [dm/s] γ

F
 [deg] (c)

Figure 8. Input signals applied to the simulation model of an articulated bus
for the validation purposes: (a) for the parking scenario Sc1, (b) for the loop-
ride scenario Sc2, and (c) for the bus-bay transit scenario Sc3; for clarity,
v1tacho is expressed in decimeters per second.

ω0encoder(t) − ω1encoder(t) vs. β̇1tacho(t) := ω0tacho(t) −
ω1tacho(t) vs. β̇1model(t).

Upon the plots provided in Figs. 9-11, one may observe
an acceptable match of the model speedsω1model(t) and
β̇1model(t) with those obtained from the encoders, that is,
ω1encoder(t) and β̇1encoder(t). Larger discrepancies can be seen
relative to the velocitiesω1tacho(t) and β̇1tacho(t), but mostly
within the time intervals corresponding to larger differences
|β1sensor(t)− β1model(t)| (see the way of computation for
ω1tacho in (51)). The latter differences seem to be caused by
the backlash-like effects, observed in the evolution of signal
β1sensor(t), which have not been taken into account in the
validated model (30). The initial measurement offset visible
in the response ofβ1sensor in the scenario Sc1 (see Fig. 9)
is probably also a result of the backlash in the joint-angle
sensor mounting (a small jump ofβ1sensor on the value of
about 2.5 deg occurred after the first two samples of the
measurement). The offset has been naturally deleted when a
physical joint angleβ1(t) reached and exceeded the offset
value during the maneuver. Similar effects are visible also in
the plots ofβ1sensor(t) during the vehicle motion between the
40th and60th second in the scenario Sc2 (see Fig. 10) and
between the20th and 25th second in the scenario Sc3 (see
Fig. 11).

The response mismatches obtained for the integral-
based computations (visible when comparingθ1DGPS(t) vs.
θ1model(t), β1sensor(t) vs. β1model(t), and looking at the paths
drawn by the vehicle and by the model) are caused by the
well-known inherent fragility of these kind of computations
on the (unavoidable) integration-error accumulation (drift)
which, in general, may boundlessly increase in time. All the
uncertainties of the kinematic parameters from Table I and
non-modelled effects (like the mechanical backlash effects,
temporary skid/slip phenomena of the wheels, thejitter effect
and limited sampling frequency of measured signals, etc.)
can cause an accumulation of the response mismatch between
the simulating model and the real system due to a process
of the model integration, see [31], [41]. The drift error is
especially visible in the plot ofθ1model(t) for the scenario Sc3.
In this case (in contrast to scenarios Sc1 and Sc2), the wagon’s
motion curvature changed its sign during the maneuver (see
the negative and positive signs of the angular velocitiesω1model

and ω1tacho in Fig. 11); we suppose that in these conditions
the backlash effects of the joint angle sensor and of the
steering mechanism caused an additional accumulation of
the integration errors in the wagon’s orientation variable (cf.
Fig. 7 to verify thatω1 := κ1(γF , β1)v1 in the implemented
model, and note thatθ1(t) = θ1(0) +

∫ t

0
ω1(τ)dτ ). As a

consequence, the integral-based responses of the model can be
reliably utilized only for a short-distance (short-time) quality
assessment. Alternatively, one can use aprediction model
(instead of the simulation model). A prediction model has
been implemented for the scenario Sc3 to show a possible
improvement of the model’s accuracy by utilizing the selected
measurements available on a vehicle board. To this aim the
angular velocityω1(t) in the implementation scheme from
Fig. 7 has been replaced directly with theω1tacho(t) signal
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Figure 9. Sc1: Validation results for the simulation model of anarticulated vehicle in the case of a parking maneuver obtained with theUrbino 18 Electric
urban bus.

computed according to (51). The improved results obtained
in this case (for both the orientation angle and the positional
path) are illustrated by the magenta dash-dot plots in Fig. 11
(labelled as theprediction-model).

In contrast to the mentioned drifting problems, the response
mismatches obtained for the non-integral-based computations
of the model (see the plots oḟβ1model andω1model) are free of
the numerical-integration drift and can be used for a reliable

long-distance (long-time) model evaluation.

VI. RELATING THE KINEMATIC AND KINETIC MODELLING

APPROACHES

The nonlinear kinematic modelling approach has been for-
mulated upon thefirst principles of the geometry of veloci-
ties. The essential approximations characterizing the method
come from the simplifying assumptions A1-A6 formulated in
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Figure 10. Sc2: Validation results for the simulation model of an articulated vehicle in the case of a loop-ride maneuver obtained with theUrbino 18 Electric
urban bus.
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Figure 11. Sc3: Validation results for the articulated bus model in the case of a bus-bay transit maneuver obtained with theUrbino 18 Electricurban bus (the
results denoted by the dash-dot magenta plots represent a response of theprediction-model, i.e., the model withω1(t) := ω1tacho(t) instead ofω1model(t));
the three sets of outliers visible on the plot of angular velocityω1encoder(and, consequently, on the plot of dβ1encoder/dt) around 12th, 38th, and 43rd seconds
result from occasional perturbations affecting a velocity measurement system of the bus.

Section II-A. As a consequence, one can try to relate the
proposed modelling methodology to alternative approaches
known from the literature through the validity of assumptions
A1-A6. In this context, an underlying alternative is thekinetic
(’dynamic’) approach to modelling of the vehicles, which
takes into account the effects of masses, inertias, friction,
drag, elasticity, gravity, etc. Let us qualitatively compare the
benefits and limitations of the proposed kinematic modelling
with properties of the modular kinetic modelling approach
recently proposed in [44]. The two methods are comparable
in the sense of their application range and a modularity level.

The main comparative conclusions can be formulated upon
the table presented in Fig. 12. The most significant benefit of
the kinetic models result from their high-fidelity and validity
in a wide range of velocities and accelerations. Thanks to
this property, the kinetic models can describe and explain
those physical effects which are not modelled by the purely
kinematic models. This benefit, however, to be practically
useful requires the high precision knowledge of the numerous
model parameters (hardly measurable, and often time-varying),
good approximations of the complex physical phenomena (like
the wheels-ground interaction, aerodynamic drag, skid-slip
motion of the wheels, etc.), and a limited complexity of a
resultant model to be applicable with a usage of reasonable
computational resources. From the high-complexity models
one shall expect higher sensitivity of their response to the
parametric and structural uncertainties, leading to their limited
effectiveness in some practical applications. In contrast, the

kinematic models have a much simpler structure, with only
few kinematic parameters, which are easily and precisely mea-
surable, and usually do not change in time. Therefore, if one is
interested mainly in the low-speed smooth motion description,
the use of kinematic modelling becomes a good compromise
between the fidelity and complexity. The next important differ-
ence between the models presented in [44] and those resulting
from the proposed kinematic approach comes from a physical
nature of their control inputs. The kinetic models are usually
driven by the tire forces (or othergeneralized forcesdefined on
an upper level) which, despite their closeness to the physical
origins of motion, are very difficult to measure in practice. As
a consequence, computations of the kinetic models in parallel
to a real vehicle (required by numerous applications of the
models) may become very problematic. Whereas the kinematic
models accept the velocity-like control inputs, which are easily
measurable (or reproducible) by using the conventional sensors
available in the contemporary vehicles. A scalability level of
the kinetic and kinematic modelling approaches, with respect
to a number of wagons/trailers, seems to be different as well.
The kinetic models from [44], although scalable, are much
more complex. Thus any extension of a kinetic model with
additional wagons is non-trivial. Whereas, scalability of the
kinematic models proposed in the current paper is very high
and can be easily automated. Finally, an engineering utilization
of the kinetic models and the kinematic models is motivated
by different objectives. The former are often preferable in the
high-fidelity training simulators and in the control problems
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Figure 12. Qualitative comparison of the benefits and limitations characterising the proposed kinematic modelling methodology and the alternative modular
kinetic (’dynamic’) modelling approach proposed in [44].

related to the ’dynamical’ tasks (e.g., the rollover prevention,
yaw stabilization, anti-slip braking, etc., [39]). The kinematic
models, in turn, are preferable in the problems of real-time mo-
tion planning and higher-level control design for the low-speed
maneuvering, and in particular for the so-called embedded
solutions. Summarizing, both the kinetic and kinematic models
of the articulated vehicles have their benefits and limitations.
When we treat them as complementary engineering tools,
they can be useful to solve different practical problems. A
reasonable selection of a model shall be a consequence of a
compromise between a usage-price and efficiency.

VII. C ONCLUDING REMARKS

We have proposed the generic framework for modelling
kinematics of the (multi-)articulated vehicles with various
locus of a driving axle and various steering capabilities. The
main benefits of the method come from its scalability (with
respect to a number of vehicle’s segments), and modularity
which allows for a straightforward (even automated) deriva-
tion of compact models which are tractable in real-time by
relatively low-power computing devices. The latter property is
especially important in the context of embedded applications
for the intelligent or automated vehicles. The models can be
useful, in particular, for purposes of the higher-level control
design and model-based control, motion planning, and vehicle
localization, mostly in the tasks of low-speed maneuvering
in the conditions of sufficient friction forces between the
wheels and a ground, where any practical effects caused by
a potential micro skid-slip motion can be neglected. The
inherent limitations of the kinematic modelling come from
the limiting assumptions formulated in Section II-A, for which
the models have been derived. As a consequence of violating
the assumptions A1-A3, the models may become non-efficient
in those applications which require a highly dynamic motion
in a rough terrain, or a motion on the slippery and/or sloppy
surfaces. Violation of assumptions A5-A6 seems to not happen

in the domain of articulated buses, but may concern some other
special constructions of vehicles (not covered directly by the
proposed modelling approach). The authors are currently using
the derived models to motion algorithmization of articulated
urban buses with applications to the advanced driver assistance
systems (ADAS).

APPENDIX A

A steering mechanism of theUrbino 18 Electric bus is
based on the hydraulic RB-Servocom system, with an angular-
position sensor mounted in a steering gear or on a steering
column. Upon the test measurements, collected by the Ho-
mologation and Test Department of the Solaris Bus & Coach
Company, [27], we derived a static mapping,γF = fγ(αsensor),
between the steering angleαsensor (measured by the angular-
position sensor) and the (virtual) steering angleγF of a
prime-mover’s effective steering wheel, using the well known
formulas of the Ackermann steering geometry. The resultant
steering mappingγF [deg] = fγ(αsensor[deg]) for the Urbino
18 Electric bus was approximated by the following equation
(limiting here the coefficients to two significant digits):

γF ≈ 3.2 · 10−5α3
sensor+9.8 · 10−5α2

sensor+0.71αsensor+0.69,

where the particular coefficients of the above formula were
found by using a conventional least squares fitting method.
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