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Modular Kinematic Modelling of Articulated Buses

Maciej Marcin Michatek,Senior Member, IEEEBartosz Patkowski, and Tomasz Gawrdtember, IEEE

matical models of articulated vehicles for the motion planning,
control, and localization purposes becomes more and more im-
portant in the era of intelligent transportation systems, especially
when there exists a need of reliable predictions of motion for
multi-body (semi-)automated freight and public transportation
vehicles of various kinematic structures. We propose a modular
algorithmic approach to kinematic modelling of nonholonomic
(multi-)articulated buses, including the N-trailer vehicles as a
special case, comprising a car-like prime-mover passively inter-
connected with arbitrary number of segments (wagons/trailers)
equipped with fixed or steerable wheels, and with various locus
of a driving axle in a kinematic chain. Kinematic models are
valid under an assumption of a pure rolling of all the vehicle
wheels (no skid/slip motion), which is practically justified for the
low-speed maneuvering conditions. The proposed approach leads
to compact nonlinear models which, thanks to their modular
construction, preserve clear geometrical interpretation of velocity
couplings between the vehicle segments. Derivations of kinematic
models for popular structures of articulated and bi-articulated
urban buses are presented for various driving-axle locus and
steering capabilities. Experimental model validation, conducted .
with a E;]ull-sF():ale wagon-griven articulated bus, illustrates utility vehicles — see for example [40], [29], [1.8]’ [4], [37], [9], .[43]'
of the approach. On the other hand, definitely less attention has been paid in the
literature on kinematic modelling and analysis of the multi-
body buses which admit, in contrast to more conventional
tractor-trailer (or N-trailer) vehicles, more general steering and
driving schemes, where a traction drive can be mounted either
I. INTRODUCTION on a tractor or on a selected wagon unit, [6], [4]. In this sense,

ONTEMPORARY development of public and freightthe N-trailers can be treated as a special case of the articulated

transportation leads towards the increase in demafiuctures. Although some modelling approaches have been
of large capacity vehicles and urban buses, [30], [15], [4roposed for the articulated buses on a dynamical level, see
This trend it justified by arguments of economic saving$/l, [26], [24], [44], there is a need to develop methods
energy consumption conservation, and pollution level redu@r reliable modelling approaches for the (multi-)articulated
tion caused by limiting a number of vehicles and huma¥ghicles and buses which would provide more compact models
drivers needed for translocation of large amount of goods aBging simpler in the practical usage and formal analysis, and
people. As a consequence, manufacturers of trucks and urbafe tractable by low-power computational units used in the
buses currently design the large capacity constructions ire@bedded (on-board) automated vehicle systems, [17], [16],
form of articulated and multi-articulated vehicles, see Fig. 135], [2]. Generic kinematic models of the multi-body vehicles,
Application of articulations makes the long vehicles flexiblgescribing a low-speed geometry of their constrained (non-
in use and admit agile maneuvering, even in cluttered (urbd#flonomic) motion [38], are expected to be useful in solving
environments. However, maneuvering with long articulated veUch problems as: formal analysis of kinematic properties [14],
hicles is difficult, burdening, and can be also dangerous, evi@st planning of nominal agile maneuvers [32], [13], [42], low-
for experienced drivers. Difficulties come, apart from a limiteg0st simulation and motion prediction of a vehicle [21], [8],
visibility range of a driver and substantial dimensions of a vé6], [22], [12], [10], feedback control and driver-assistance
hicle’s body, from numerous specific properties characterisfl€sign for low-speed maneuvering [3], [11], [32], optimization
to multi-body nonholonomic kinematics. The latter have bedif some construction/design parameters [36], [12], [25], as

widely addressed in the literature for the case of tractor-trailéll as for embedded solutions of the control and localization
tasks in the automated/intelligent vehicles [28], [19], [8], [33].
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Abstract—Development of compact and easy to use mathe- . 1e Electric i

Figure 1. The articulated urban busbino 18 Electricand the bi-articulated
trolleybusTrollino 24 produced by the Solaris Bus & Coach S.A. company.

Index Terms—articulated urban bus, N-trailer, kinematics,
modelling for control, experimental model validation
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and scalability of the approach admits: an arbitrary numb&b: The front effective tractor's wheel is actively steerable,
of articulations present in a vehicle chain, fixed or steerable the rear effective wheel is fixed; the wheels of the wagons
wheels of the vehicle’s segments (wagons/trailers), a various can be either fixed or actively steerable.
location of a traction drive (i.e., a driven axle) in a kinemati&6: Only a fixed (non-steerable) wheel, either of a tractor or
chain, and a flexible selection of a distinguished/reference of a selected wagon, can be actively driven.
pOint of a vehicle. To the authors’ best knOWIEdge the methOﬂssumption Al comes from the fact that we are main|y
ology described in this paper, in contrast to alternative worlgterested in the low-speed planar maneuvers, like docking and
addressing the problem of kinematic modelling of articulatgshrking, etc., with buses in a (semi-)structured workspaces.
vehicles (see, e.g. [43], [1], [29], [37], [32]), provides anssumption A2 is commonly formulated for the slowly mov-
modelling framework of a level of modularity, compactnesgg wheeled vehicles and ensures preservation of the nonholo-
of formulation, and admissibility of possible design optionfomic constraints in the conditions of low-speed maneuvers
not available in the literature thus far. This paper builds upQfatisfying A1, [1], [38], [14]. Satisfaction of A2 is practically
and extends the prior conference paper [34]. justified when maneuvers are performed on a solid ground
According to the above arguments, the modelling conceith sufficient friction and traction forces acting between the
will be basically presented for the articulated buses, since th@ifeels and a motion surface [21]. Under these conditions,
kinematic structures are more generic (they admit a widghy skid/slip effects usually do not affect a vehicle motion in a
diversity of steering and driving schemes relative to the tractejgpstantial manner and can be neglected, [20]. Assumption A3
trailers). We will refer, however, to the special case of Ngllows one to neglect any flexibilities of the vehicle's bodies
trailers where it is appropriate. ~under the low-speed motion conditions. A4 prevents a non-
The rest of the paper is organized as follows. Section |hiqueness in determination of the vehicle-body velocities on
collects all the key assumptions, introduces the configuratigniinematic level in the planar motion conditions. Assumption
variables, control inputs, kinematic parameters, motion CORs admits a conventional car-like tractor unit (for which,
straints, and the underlying kinematic relationships valid fgf most cases, the rear axle is fixed) and fairly general
the articulated vehicles under consideration. The main resg¥nstructions of the multi-body vehicle in the context of
in a form of the proposed modular modelling framework i§s steering capabilities. In the articulated buses, one usually

presented in Section IIl. Application examples of the frameyids steering of those wheels which are driven by actuators.
work are provided in Section IV, where various versions of

kinematic models of the articulated and bi-articulated buses ) i ) . )
are derived. Experimental validation results for the articulat& Vehicle's configuration, parameters, inputs, and constraints
electric vehicle are presented in Section V, while Section VI A single-track kinematic structure of a multi-articulated
contains a qualitative comparison of the proposed kinematiehicle is presented in Fig. 2. The vehicle's segments are
modelling with an alternative kinetic approach to modellingiumbered by = 0,1, ..., N; the tractor is a segment number
Section VII concludes the paper. 0, while the last wagon is a segment numh&r Every
Notation: In the text, we denote: byf3| a cardinality of set segment is characterized by two kinematic parameters: the
B, by 0 the empty set, by) the zero-vector of an appropriatesegment lengttL; > 0 and the hitching offseL;; > 0 (only
dimension, by= the equality by definition, by= a substitution positive offsets are present in the articulated buses, in contrast
operator; we use the auxiliary vectars 2 [10],d” 2 [0 1], to tractor-trailer vehicles, [1], [9]). The effective wheels of
and we write shortly: se= sina and ca= cos a. wagons can be fixed or actively steerable. Let us introduce

a set of indexesZ; C {1,...,N}, containing indexes of
II. ASSUMPTIONS AND BASIC RELATIONSHIPS

A. Main assumptions

We will consider the (multi-)articulated buses which com- 1, multi-articulated bus: single-track scheme e
prise theN 4+ 1 segments (bodies), namely, a car-like prime /\v
mover (calledtractor) with attached the (arbitrarily large) v~ . S e

. X X - .—length of the ith segment IR N ]
number of N smgle-ax!e wagons equipped with f|xeq or L,  ith hitching offset e /pr e e L,
steerable wheels, see Fig. 2. All the bus segments are intercon- B, — ith joint angle R o /o
nected in an open kinematic chain by the passive rotary joints ., _ i steering angle \ %/__0_7

— every one located with a non-zero offset behind an axle Ty
of a preceding segment. The kinematic modelling approach ICR - instantaneous centre of rotation
proposed in this paper is valid under the following main ( S N
assumptions: ¥, By g Y \Z
Al: Only planar motion of a bus is considered (i.e., the roll !
and pitch degrees of freedom are neglected).
A2: All the vehicle’s wheels rotate without skid/slip effects. y,—
A3: All the vehicle’s segments are treated as rigid bodies.
A4: A number of independent kinematic control inputs of the

vehicle model is equal to a total number of its degre@syure 2. A single-track kinematic structure of a multi-artitad bus
of freedom in a planar motion. comprising a tractor and th& wagons with (possibly) steerable wheels.

wagon 1

X X, Xp
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those wagons which have steerable wheels. A configuratishere » is the (effective) radius of a wheel (assuming the

of the articulated vehicle can be uniquely determined by tisame radii for all the wheels of a vehicle), wheréasand¢;

following variables: are the angular speeds, respectively, of the tractor’s effective
. a steering angle of a tractor’s effective steering wheel steering wheel and théh segment’s effective wheel (=

vr € Qr 2 [—Vr;9F],  Ar € (0;7/2), 1)

0 if the ith wheel is non-steerable). Under assumptions A2
and A5, kinematics of an articulated bus is represented by

whereyr comes from a limited mechanical range of & + IV + 4 configuration variables and has (upon (8))+ 2

pivoting motion of the effective steering wheel,
a pose of aistinguishedjth segmentj € {0,1,..., N},

q; 2[0; = 4;]" =10, p/]" €S'xR*, (2

nonholonomic constraints imposed. The first two constraints
in (8) express the requirement of zeroing the sums of all the
velocity components projected on the directions perpendicular
to the planes of particular wheels (the constraints commonly

comprising the orientation angl of a segment body, defined for the nonholonomic wheeled vehicles, [29], [1], [5]).

and the positiorp; of a midpoint of its wheels’ axle,
o the N joint angles (i=1,...,N)

Bi £ (0i—1 — 0;) € Qp = [ B4, Bil, Bi € (0;7/2), (3)

Thus, on a kinematic level, the total number of degrees of
freedom of a bus is equal t§+ N +4 — (N +2) =S5+ 2.
Therefore, onlyS+2 independent kinematic control inputs can
be selected for this kind of vehicle (this result quantitatively

where3; comes from an admissible mechanical range @bmplements the assumption A4).

the joint angle between the segmentandi — 1,

wagon wheels (X S < N)
Vs € Qs 2 [7si7sl, Vs € (057/2), se€L,. (4)
We can collect the configuration variables in a vector

Independent control inputs of the (multi-)articulated bus

a number ofS = |Z,| steering angles of actively steerablg,c|,yde

« steering rates of the steering wheels:

Cr €Ur = [—(r;(p] for a tractor, 9)

¢ €U, = [—(s; (), s€ I, for wagons (10)
A T M7
¢=br b By 4] €Q, ® L a single driving longitudinal velocity
where~;, is the S-dimensional vector of wagon steering angles, A
v € Uy = [—-7; 7] (11)

dim(q) =4+ N +S,andQ = Qr x OF x 9 x S! x R2,
o of a driven axle of theé:th vehicle's segment,

Remark 1:In general, the distinguished §egment, of Bhere Cr, Gyt € (0,00) are the upper kinematic control
pose rf prlesentedl' byr ), ca]:n be conen arbitrarily. '['O\;V?Vk%unds imposed either by properties of the actuators or, more
Idn tpar lc_:uhard appiica |ct>ns or-a m(_)f_e, onde n;ay s€ ecl _%nservatively, by motion safety conditions. As a consequence,

Istinguished segment Upon Specilic needs, Tor exampie: Az available(2 + S)-component kinematic control input of a

a guiding segment of a vehicle (if the segment is crucial f%ulti—articulated bus takes the following general form
the motion control or planning objectives), as a measurement

segment (if the segment carries sensors providing a vehicle’s

localization or feedback signals), as a reference segment

(if the segment is crucial for a synchronization with some

external system or for a motion performance assessment), #{gere¢. = [, : s € Z,]" is the S-dimensional vector of the
steering rates for all the effective wagon wheels which are

Let us denote by; andv;, i = 0,..., N, respectively, an actively steerable.

angular velocity of théth vehicle’'s segment and a longitudinal

velocity of a mid-pointp; of the effective wheel belonging Remark 2:A selection of the index, introduced in (11),

to the ith segment, see Fig. 2. The velocity relates to a IS not arbitrary — it depends on a vehicle’s driving scheme.

(fixed) rear effective wheel of a tractor. Introducing a motiolYarious driving schemes are used in practical constructions of
curvature buses (see Section V).

ws [E] e 2up xt x . x U x Uy, (12)
—

Vi
S times

Kj é w,;/vi (6)

of theith segment, and recalling the well-known relatian= C. Underlying kinematic relationships in a modular form
(vo/Lo) tan~yp for the car-like kinematics, one observes that We will determine a set of underlying kinematic relation-
the bounded saD - defined in (1) limits a maximal admissibleships which are useful to formulate the kinematic modelling
absolute motion curvature of a tractor segment: approach of the articulated buses in a modular form.

_ _ Using the steering rates introduced in (9), one can directly

> <Fkyg= L. 7 . . h .
Yt 20 |ro(t)] < Fo = (tan7r)/Lo () \write the steering kinematics

Furthermore, by assumptions A2 and A5, the following

motion constraints must be satisfied: s € Is,

’ys = Csa (13)

recalling (upon assumption A5) thay = 0, thus{0} ¢ Zs.

®) Next, upon the kinematic scheme presented in Fig. 3, ex-
plaining the geometric projections of velocity components on
theith passive joint (= 1,..., N), one can easily derive (see

Yr = CF,

tpsin(fo + vr) — yrcos(fo + vr) =0,
@y sin(0; + i) — Pi cos(6; + ;) = 0,
rép =vp, 1§ =v;, 1=0,1,...,N,
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yG“ ~ v determines an instantaneous direction of a resultant longitudi-
e nal velocitywvs; of theith rotary joint. By elementary geometric
arguments, one can verify upon Fig. 3 that

0; = B; — arctan (W — tan%1> , a7
COS 7Yi—1

W =0, Sy,

wherer;_1 is a motion curvature of the — 1)st segment (cf.
(6)). Having the virtual steering angle (17) and the velocity
vs;, One can express; = (vg;sind; — v;sin~y;)/L; (see
Fig. 3) which, under the constraint; cosd; — v; cosy; = 0
resulting from assumption A3, allows expressing the curvature

_ _ _ _ _ L k; defined by (6) as dependent only on angles, that is,
Figure 3. A kinematic structure of an articulated kinematic paih steerable

il
[ passive | X
| segmenti joint .

Xi Xi-1

i

wheels explaining velocity components projected on the joint and the concept COS Y; Sin(éi - %)
of a virtual steering wheel located in the joint (see [1]). Ri = T(tan §; — tany;) = L. coso. (18)
(2 (2 K3
The above formula remains valid for=1,..., N; for i =0
also [37], [9]) the following velocity transformation betweerft Mmotion curvature of the tractor's body reduces to the well
any two neighbouring vehicle’s segments: known relation (cf. (7))
1
) _ Ly CBi—vi)  S(Bi—vitvyi—1) Iﬁ:o(’)/p) = —tanyp. (19)
|:w7':| = L; Cvi L;cy; |:wi_1:| (14) LO
V; Lmﬁfi % Vi—1 Observing thaty; = ;(8i,vi—1,ki—1), and after combining
wy ) w1 (18) with (17), one derives a recursive formula for a motion
AT curvature of theith segment, i.e.,
where u; and u,;_; are the vectors of (pseudo-)velocities, sin(8; (Bs, Yie1, Ki—1) — Vi)
respectively, of theith and (i — 1)st segments, while Ki(Bis Vir Vi-15 Ki—1) = L; cosé; - (29)
1 K3

Ji(&.’%’%fl) Is a velocity transformation matrix. An InVersewhich, after a substitution to the right-hand side of (20)
of this matrix takes the form

the termsk;,_1 = Ki—1(Biz1,Vim1,%Yi—2:Ki—2),..., K1 =
» _%c(ﬁéf?_l) s(ﬁlL—jéJrZi_l) k1(B1,7m,0,k0) together with (19), leads to the form
I (Bisvisvie1) = " s ! Bt ki(vEs B1s- - Bis 1, - - -, 7i) expressed solely with the joint
" CYi1 &vi-1 ( angles and the steering angles of the successive segments,

Remark 3:1It is evident upon (14) and (15) that thezeg::rllgg Zome:::(ea t?ﬁéoieigi';lnlzg?g't%nntﬂ(? Sti?emeerllgc't
transformation matrixJ;(5;,vi,vi—1) is well determined for esctor _ 'Snt?oud ced in (14) car: t?e o Irlelsseé )n the f\érm ity
all g; € [—m,m) if only || < w/2, while the inverse matrix v el u ! xp !

J{l(ﬁi,%,%,l) is well determined for allg; € [—m, ) if w; = Ki(B1y - Biy YEs Y1y -+ Vi) vi, (21)

Ly; # 0 and |y;_1| < w/2. Since in the articulated buses 1
holds L,; > 0 for all 4, the only restricting conditions concernyhere~, = 0 for any index1 < [ < i such that ¢ Z,.
the steering angles which in all practical constructions are
satisfied. Remark 4:Expressings; in the form (20) is beneficial
because one can avoid singularities of (6), in the case of zero
Let us introduce two auxiliary vectors” £ [1 0] andd™ £ velocities, and its potential numerical sensitivity in the case

[0 1], and an auxiliary matrix of a very slow motion of a vehicle. On the other hand, (20)
N is bounded only ifio;| < w/2; this constraint usually delimits
Li(Bi vy vi-1) = I = Ji(Bi, i, vi-1), from above an admissible maximal absolute value®f by

some upper bound; > 0. However, ifb; > j; (see (3)), such
a limitation does not impose any new practical constraints —
in this context, the reader is referred also to Remark 8 in
Section V.

The last relationship, needed for the purposes of modelling,
is the kinematics of anyth rigid body of a vehicle satisfying

where I € R?*2 is an identity matrix. Now, we can write
w; = ¢'u,; andv; = d"u;. By time-differentiation of (3) one
can express the joint-angle kinematics as follows

Bi =wi_1—w;=c¢' [wi—1 — ui

(14) - . : . .
=" c"[J;7 M (Bisvisvie1) — T constraints (8), which can be represented by the unicycle-like
=" Ti(Bi v, ¥i—1)I; H(Binvis vi—1)wi,  (16)  model:
0; c
which is valid fori =1,..., N. q; 2 :bj_ = |dT cos(0; + ;) [wg]’ (22)
To extend the concept of virtual steering wheels (see [1]), yj d" sin(0; + ;) J
let us introduce a virtual steering angle = (8; — ;) € ' u;
(—m/2;7/2) of a virtual steering wheel located at thth G(0;.75)

passive joint as depicted in Fig. 3. The virtual steering whesaherev; =0 if j ¢ Z, (note:y, = 0 by assumption A5).
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I1l. M ODULAR MODELLING FRAMEWORK case, still only a single axle is driven independently, while the

Having derived the basic relationships (13), (16), (14), (2?55” ones must be synchronized with triéerence driving-
and (21), one can formulate the modular approach to kinemaftic'® to satisty assumptions A2-A4__ The md_éx Wh'.Ch has
modelling of articulated vehicles after selecting (as input datd be selected in step S4, should indicate just this reference

to the algorithm): driving-axle.

« a number of articulationgy, present in a vehicle chain,
« the axles of wagons equipped with steerable wheels,
« avehicle’s distinguished segment (a tractor or one of theln this section, we provide several derivation examples of
wagons), kinematic models for the two most popular articulated bus
« a location of a driving axle (the rear tractor's axle or agtructures used in a public transportation today: a two-body
axle of one of the wagons with non-steerable wheels).bus with a single articulation (in two versions of a driving
The modelling algorithm consists of the following steps:  axle locus), and a bi-articulated three-body bus.

S1: Select the set of indexes, corresponding to the wag-
ons’ axles with actively steerable wheels. Formulate the Derivation of models for a bus with a single articulation
steering kinematics (13).

S2: Fori :=1to N derive the joint kinematics (16) taking
v =0if ¢ € Zs.

S3: Select an indey of the distinguished vehicle’s segmen
with pose (2), and write its body-kinematics (22) usin
the indexj. Takevy; =0 if j ¢ Zs.

IV. EXAMPLES

Figure 4 presents two possible structures of a two-body
articulated bus (M= 1): the so-calledushing articulated bus
or pusher, [6], [15], [4]), where the wagon’s axle is driven
gk: = 1) but is non-steerable (Z= ), and the so-calledulling
rticulated bus(or puller, [6], [15]), where the driven axle is

S4: Select an indext of the driving axle and the driving located on the tractor segment £ 0) but the wagon’s axle

velocity vi; express all the velocity vectors; and u; Is steerable (Z= {1}).
appearing, respectively, in steps S2 and S3 with the
velocity u, = [wy vi] " applying the transformation (14)

or its inverse.

S5: Express the velocityu, in the resultant equations ob-lcf{
tained in step S4 in the form (21) using the curvatures.}
(20) and (19).

S6: Collect the steering kinematics from step S1, the joint, |
kinematics from step S2, and kinematics of the distin- | -
guished segment from step S3 (the latter two expressedi#
with the velocityuy,) into the resultant driftless dynamical y,|-\ g

system
qg=5(qu (23) ‘ ; ;
with configuration (5) and control input (12), where
dim(S) — (4 + N + 5) X (2 + S) and S = |Is|- Figure 4. Kinematic structures of buses with a single arttoota the pusher

(left) with a driven but non-steerable wagon axle, andghker (right) with a
non-driven but steerable wagon axle; kinematic control inputs are highlighted

Remark 5:In most practical applications (except, e.g., somie blue for both structures.
articulated fire trucks), the steering inpyts(for s € Z,) are . . . '
directly related to other configuration variables of a vehicle 1) Modeliing a pushl_ng bus W'.th a fixed wagon whelekt
by some feedback control functions, e@.= (s(q), usually us go throu_gh the particular _deS|gn steps.
designed in order to automatically decrease the so-calllfP S1: Sincel, = 0, we write only
maximal off-track of a cornering vehicle, see e.g. [19], [16]. Ap = (. (24)
In this case, only a two-component vectar = [¢y vg]T
remains to the user disposal as an independent kinemdfep S2: Fori = 1 = N we have
control input in (23).

Br =" T1(81,0,0)d; 1 (51,0,0)us, (25)
Remark 6:In the contemporary constructions of articulategihere
. ; ! L
buses, the driving axle can be located either on a prime-mover IV (51,0,0) = [—ﬁcm %msm} (26)
or on a wagon, thug € {0,..., N}. However, in the case Lis6: ch
of typical tractor-trailer (N-trailer) vehicles, the driven axle iss the inverse transformation matrix (15) in a reduced form
usually located on a tractor, that is,= 0. obtained fory; = v, = 0.

Step S3: If the wagon is a distinguished segment we take
Remark 7:Sometimes, more than only one axle is drivep = 1, thus
in a chain of an articulated vehicle in order to improve

. . . . . 22
effectiveness of traction forces generation. However in such a q1 2

G(alao)ulv q1 = [91 Z1 yl}Tv (27)
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sincey; = 0. Becauseu; = [w; v;]' is not present in the formula (32), we

Step S4: For theushingarticulated bus we have to seldct=  apply the transformation (14) to write
1, determiningv, as a longitudinal-velocity input of a model.

Sinceu; = [w; v1]" is already present in the formulas derived UuQ (4 Jl‘l(ﬂl, 0,0)uq, (33)
in steps S2-S3, there is no need here to use the transformation N
(14). where the form of matrixJ; *(51,0,0) comes from (26).
Step S5: We express Step S5: We express; analogously as in (28) using the
curvature (29).
uy = [FOFA) g, (28) step S6: By collecting the formulas (24), (25), together with

) and (33), and by replacing, with (28), one obtains the
owing kinematic model (the zero arguments of matrices
)) (29) have been omitted for compactness)

with the curvature reduced in this case to (see (20) and (1 I

1 L
k1(B1,7F) = 7 tan <61 — arctan (hl tan yp

Ly Lo ] M1 0
52 (Be v Pﬂ _ o Jn(ﬁl)Jl—l(ﬁl)[?mg,f’l)] @
Step S6: By collecting the formulas (24), (25), and (27), and 2 [0 GO0 B[O ] M
by replacingu; with (28), one obtains the following kinematic q S(q) CROx2
model (the zero arguments of matrices have been omitted for -1 0
compactness) 0 —(1+£Lch ) mi(yr Br)+ Tirshe
r1 0 =10 (?ﬁl*Llcﬂlﬁl(’(YF-ﬂl);;Lm [%If]
3 1 P 0 cB1+L1SB1k1 ,B1))co,
|:’;1;:| - |0 e T1(B)J; (ﬁl)[ I(Wf”@l)] [CF] (30) Lo (051+L1531/€1(1£,51))598
41 ) G(0,)[ 1 (vF.B1) \v,l./
: L o007 u with configurationg = [yr 81 q4 | and inputu = [(r vy] .
a S(q) €R5x2 2) Modelling a pulling bus with a steerable wagon wheel:
[1 L 0 ) Let us go through the particular design steps.
0 (i Ehes)mr s+ p s . Step S1: SinceZ, = {1}, we write
- 8 f@l('vg,ﬁl) [Ul }
Lo o Yr=C(r and 41 = (1. (35)

with configurationg £ [y 81 ¢ ]" and inputu = [Cr v1]".  Step S2: Fori = 1 = N we have

Remark 8:The derived model (30) is well defined if the B =e"T1(B1,7,0)J; " (B1,m,0)u, (36)
curvature |k, (yr, 81)] is bounded, which corresponds (see h
(20)) to the conditior{d; (v, 81)| < /2. Recalling (17), the WN€r€

latter inequality leads to the worst-case condition I (Brom,0) = —TeB pos(Bi-m) (37)
- L L1sB c(B1—71)
|B1] < 5 arctan (Lo tanWF) : (1) s the inverse transformation matrix (15) in a reduced form

obtained foryy = 0 (by assumption A5).

Knowing the values of the kinematic parameters of a bus, OBfep S3: If the wagon is a distinguished segment we take
can check if (31) is limiting in practice or not. For example,

=1 and
taking the parameters of thdrbino 18 Electric articulated J
bus, manufactured by the Solaris Bus & Coach S.A. company, . 2 = u — 10y 21 ullT 38
[4], [27], we haveyr ~ 42deg, 31 ~ 54deg, Ly ~ 1.789m, a Orm)us @ =0 oyl (38)
and Lo = 5.9m. In this case, the inequality (31) leads t®tep S4: For thepulling articulated bus we have to select
|81 < by = 74.7deg. Sinceb; > /31, the condition (31) is k = 0, determiningv, as a longitudinal-velocity input of a
always satisfied for théJrbino 18 Electricbus if only the model. Sinceuy = [wo vo] T is not present in the formulas
mechanical limitations imposed b§; are not violated (see derived in steps S2-S3, we have to apply the transformation
Remark 4). (14) by writing
To show modularity of the proposed algorithm, let us select Uy (0 J1(B1,71,0)uo, (39)

the tractor as a distinguished segment now. In this 3isg 1 )
andStep 2follow in the same manner as above, thus we ned¢here the form of matrix.Ji(81,71,0) comes from (14)
to proceed from the next step. written for yo = 0.
Step S3: If the tractor is a distinguished segment we taiieP SS5: We express now
j =0, and now 2o = [KO(YF)] Yo, (40)

io = G(6,0 =10 T 32

d (60, 0)uo, %0 = [fo @0 o], (32) with the tractor segment curvatukg(+r) determined by (19).
since~y, = 0 (by assumption A5). Step S6: By collecting the formulas (35), (36), together with
Step S4: For thepushingarticulated bus we seleé = 1. (38) and (39), and by replacing, with (40), one obtains the
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following kinematic model (the zero arguments of matrices NEF e
. wheel
have been omitted for compactness)
. 10 0
’;}I 00 CTF1(ﬂ11’Yl){NO(;/F):| CF
il T ot 0 |:C1 } (41)
4 Vo
a (00 G617 T1(BL) [ 007 ]
u
q S(q) (= R6X3
r10 0
L — —
00 (1+ hlz(lﬁciﬂ 'Yl))ﬁo(,yp)_s(illc’;‘/ll)
01 0 Cr
=100 (s(B1—v1)=LnicBr—71)r0(VF)) 7657 {gl ]
0

00 (0(91+W1)051+Lh,15510(‘91+71)1€0(’YF))ﬁ
LO O (s(01+v1)chi+Lni1SBiS(01+71)ko(VF))

%

with configuration ¢ = [y» 51 v q/]" and input sl
T *whed > et G

u=[(r (1 vo] - v i e

X, X, Xy Xp

To illustrate mOdU|a”.ty. of t.he proposed approgch, let L1—S|gure 5. A kinematic structure of a bi-articulatpdshing-pullingbus with
select the tractor as a distinguished segment. In this &8P, 5 driven but non-steerable first wagon axle and a non-driven but steerable

1 and Step 2follow in the same manner as above, thus wsecond wagon axle; kinematic control inputs are highlighted in blue.
proceed from the next step.
Step S3: If the tractor is a distinguished segment we take

j =0, and Step S2: Fori = 1 andi = 2 we have
Go = G (6o, 0)uq, q0 = [0o o o], (42) Bi = ¢'T1(B1,0,0)J7*(B1,0,0)u, (45)
sincery, = 0 (by assumption A5). Bo = €' Ts(B2,72,0)J5 (B2, 72, 0)ua, (46)

Step S4: For thepulling articulated bus we seledt = 0. . )

Becauseuo = [wo v is not present in the formula (36), weWhereJ; (51, 0,0) results from (26), while

apply the transformation (14) to write the relation (39). . L Lag 1gpy )

Step S5: We expresa, analogously as in (40) using (19). Iy (B2, 12,00 = | 2 Eaz (47)
Step S6: By collecting the formulas (35), (36), together with ) ] . )

(42) and (39), and by replacing, with (40), one obtains the S thg inverse transformation matrix (15) in a reduced form
following kinematic model (the zero arguments of matrice@Ptained fory, = 0.

have been omitted for compactness) Step .S3: If the second wagon is a distinguished segment we
. 10 0 takej = 2 and
r 00 ¢'Ti(Bi,71) wo(vr) Cr
[51] = |o1 [0 ([W )1] | [gé} (43) q2 @ G(02,72)us, @ = [0 72 y2] . (48)
do KX G(60p)| “o\TF
p - 13 Step S4: For thegushing-pullingbi-articulated bus we select
o Slq) € ROX . k = 1, determiningv; as a longitudinal-velocity input of a
00 (14218800 ) () — 1) model. Sinceu; = [w; v1]" is not present in the formulas
= |o1 faem Tron |:<<F:| (46) and (48), we have to apply the transformation (14) to
8 8 no(;nr) %0 write
COo
Loo o uy E (8272, 0, (49)

with configurationq = [y» B1 71 q4]" and input

w=[Cr ¢ vo]T where the form of matrixJy(82,72,0) comes from (14)

written for v, = 0.
Step S5: We express; analogously as in (28) using the
B. Derivation of a model for a bus with a double articulatiorfurvature (29).
Figure 5 illustrates a kinematic structure of a three-bo p S6: By collecting the fo”“‘%'as (4,4)’ (45)-(46), tog'ether
bi-articulated bus (N= 2). In this structure, the first wagon’s ith (48) and (49), and by replacing, with (28), one obtains

axle is driven (k= 1) but is non-steerable, while the secon(gle following ki_nematic model (the zero arguments of matrices
wagon’s axle is non-driven but steerable, (Z {2}) — it is ave been omitted for compactness)

practically justified due to a considerable length of the vehicle. _ Lo 0 5
We can call this kind of a vehicle theushing-pullingbus (or 5 00 eTTy(s)Iy (B[ Or A ] X
pusher-pulle), see [4]. Let us go through the particular design | 5, | = [00 e Ta(Ba)[F10FA)] [cg] (50)
steps. 2 01 0 =
Step S1: SinceZ, = {2}, we write S22 00 GO @G [0 ] ] e
q
yr=Cr and 42 =(Co. (44) S(q) €RT*?
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, — B =
i D i ] [ g’ %
i ‘/@TT. Pensor 7,
25 prime-mover B —o
driven axle o . e e Onacro Xi:v:cosel o
—— x
y /= sin® 1
e e = —— 3, n @Zgonzliﬁi::aués Y,
( ! d, d, ) | ;[ o Qﬂ E' : kinematic model of an articulated bus (Buiding segment)
DGPS P, " peps | 5 P, Ql P, HL =
antenna A | antenna B s . . . . .
- il bt o =B e = Figure 7. An implementation scheme of the simulation model (30} fise

‘ the validation purposes (RB = reconstruction block).

P e e i it 1 e anguiar Speedtecoe () AN i arcose() o the
mounted on the wagon’s roof are denoted. wagon’s wheels, as well agzencoder(right) andvpencoder(left)
of the fixed tractor’s wheels, estimated upon the measurements
with configurationqg = [yr B1 2 72 g;]' and input obtained from the wheels’ encoders, and global coordinates
u=[Cr ¢ u]’ (xj,y5), j € {A, B}, of two DGPS antennas mounted on a
wagon’s roof as depicted in Fig. 6. The signals were recorded
Remark 9:lt is worth stressing that the proposed methodwith a sampling intervall}, = 1s for the DGPS source, and
ology can be also applied to modelling the tractor-trailey mean sampling interval; ~ 0.005s for all other sources.
(more general: N-trailer) vehicles, [1], [9]. For example, iUpon the available measurements, the followgrgund-truth
we consider theulling bi-articulated bus (/= 2), [6], where signals have been reproduced off-line for the model validation
the rear axle of a tractor is driven (% 0) and if axles of purposes: the steering angje of an effective steering wheel
both wagons are steerable,(Z {1,2}), then application of a tractor (cf. Fig. 4) reconstructed UpPGRsensor and a
of the modelling algorithm, and treating the last wagon aseering mechanism characteristic (see Appendix A), DGPS-
a distinguished segment, leads to the kinematics (cf. [34]) based coordinates of the poif := (r1pcps y1peps) and

' 100 0 the orientationf,pgps of a wagon’s body in a global frame,
VBF 000 T T1(Brm) [ 0P ] . the longitudinal speedycno Of point P;, and the pairs of
1 e
Bo | — {000 e " Ta(B2,v2,71)J1 (B1,71) {’“‘0(1'“”)] gf angular velocitieSvptacho WoencoderdNdwitacho WiencoderOf the
1 010 0 gﬁ tractor’'s and wagon’s bodies, respectively. The velocities have
Y2 001 0 ; .
i 000 G(Ga,vz)b(ﬁa,wm)h(ﬁml)[”O(fF)] \T been computed according to the formulas:
q S(q) € RSx4 Wotacho = ('UOtachotan ’YF)/LOa
. . = — D
where the steering angleg, and v, belong to the eight- oencoderi= T (¥ Rencoder— Vrencoded / Do,
dimensional configuration vector, whereas a control input is {Wlla‘?ho} := J1(Bisensos 0, 0) {womho} , (51)
four-dimensional now. The above model is equivalent to the Vltacho Votacho
multi-steering 2-trailer kinematics [43], [37] (more strictly: Wiencoder:= Tt Rencoder— [ Lencodey/ D1,

multi-steering non-Standard 2-Trailer kinematics, [9]). Since
in the case of N-trailers the driving axle is usually placed o

a tractor segment (% 0), any inverse transformation matrice
(15) are not required in a formulation of the kinematic modef: , ; :
As a consequence, the proposed modular modelling conc@Bfj wagon's wheels, respectively (see Table | and Fig. 6).

can be directly applied to the N-trailer vehicles with any type An implement_atio_n scheme of _the simulatio_n m_odel (30)
of hitching (i.e., admittingL,; > 0, Ly; < 0, and also the Used for the validation purposes is presented in Fig. 7. Note

on-axle interconnections for whichy,; — 0). that in practical conditions, the bus is equipped with a steering

herer. denotes areffective dynamic radiusf a bus wheel
or derivations and details see, e.g., [23], pp.- 249-250, or
39]), while Dy and D, represent the spacings of the tractor’s

V. EXEMPLARY EXPERIMENTAL VALIDATION Table |

The model of a pUShing articulated bUS, represented by for- SELECTED KINEMATIC PARAMETERS OF THE EXPERIMENTAL BUS

mula (30), has been experimentally validated usingiHgno [ parameter| value description
18 Electricvehicle (manufactured by the Solaris Bus&Coach— 0467 m offective radius of a wheel
S.A. company) presented with dimensions in Fig. 6 (cf. Lo 5.000m tractor's length
Fig. 1). The kinematic parameters of the bus are collected r,, 1.789m hitching offset
in Table I.  During the experimental tests, the following Ly 4.211m wagon’s length
signals were available on board: the angles of a steering wheel Dr 2.104m spacing of tractor’s steering wheels
asensorand of a vehicle’s jOin131sensorpr0Vid6d by the build-in Dg 1.862m | spacing of tractor’s fixed wheels (cf. Fig. 6)
sensors, the longitudinal velocityacho Of a fixed-axle’s mid- Dy 1.862m |  spacing of wagon's wheels (cf. Fig. 6)
point Py = (z0,y0) of a tractor provided by a tachometer, | 94 2557m distance from?; to antenna A

dp 3.268m distance fromP; to antenna B

Ihitps:/www.solarisbus.com/en b1 54 deg maximal admissible absolute joint angle
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angle sensor of a steering-wheel instead of a steering rate sen- woencodeft) — Wiencodeft) VS. Bitachdt) = Wotachdt) —

sor. Therefore, the block scheme in Fig. 7 contains the MUX  witachd(t) VS. Bimodel(t).

block which switches the source of angjge from an output . o

of the integrator directly to an output of the steering-angle UPON the plots provided in Figs. 9-11, one may observe
reconstruction block (RB, see Appendix A). As a consequen@! acceptable match of the model speedsoge(t) and
the two inputs to the model are now: the reconstructed steerifigrodel(f) With those obtained from the encoders, that is,
angle~x and the longitudinal wagon’s velocityi acho Wiencodekt) aNnd Biencodeft). Larger discrepancies can be seen

Validation experiments have been conducted for three s&glative to the velocitiesoiacndt) and Siacnd?), but mostly
thin the time intervals corresponding to larger differences

narios: for a slanted parking maneuver (Scl), for a loop-ri .
maneuver (Sc2), and for a bus-bay transit menauver (Scijisensokl) — Simocel(t)| (see the way of computation for
in (51)). The latter differences seem to be caused by

In scenario Sci, a human driver brought the vehicle from &fitacho ; ) : :
initial stop configuration to a final stop configuration insidd® Packlash-like effects, observed in the evolution of signal
a slantwise located parking lot. In scenario Sc2, a drivgﬁs?“sogt)’ which have not .bg.en taken into account N .the
moved the bus along a loop-path in the counterclockwié’@"dated model (30). The_ initial measgrement offset _V|S|ble
direction. During the Sc3 scenario, a driver entered with (€ €SPONSe Offisensorin the scenario Scl (see Fig. 9)
the vehicle a bus bay, stopped the vehicle for a while, aly Probably also a result of the backlash in the joint-angle
next departed the bus bay. The model inpuis(t) and SENsOr mounting (a small jump Gfisensor ON the value of
viaend(t), recorded for all three motion scenarios are providedPOut 2-5deg occurred after the first two samples of the
in Fig. 8. For all the scenarios, the validated model outpu‘f'%jea‘?‘“rem?m)' The offset has been naturally deleted when a
were initialized with the first measurement data points, that RnYsical joint angleg, (¢) reached and exceeded the offset
q(0) := [v7(0) Bisensof0) f106ps(0) 106ps0) Yipaps0)] T . value during the maneuver. Similar effects are visible also in

Selected validation results obtained for the scenarios Sci, hPIOtS of S1sensot ) during the vehicle motion between the
and Sc3 are illustrated in Figs. 9, 10, and 11, respectively, 20th and60th second in the scenario Sc2 (see Fig. 10) and

Effectiveness of the model can be assessed by analysinggﬁéween the20th and 25th second in the scenario Sc3 (see

differences between the ground-truth plots vs. the correspo & 11).
ing model responses obtained upon: The response mismatches obtained for the integral-

based computations (visible when comparifiggcps(t) vs.
O1model(t), Bisensoft) VS. Bimodel(t), and looking at the paths
drawn by the vehicle and by the model) are caused by the
well-known inherent fragility of these kind of computations
on the (unavoidable) integration-error accumulation (drift)
which, in general, may boundlessly increase in time. All the
uncertainties of the kinematic parameters from Table | and
non-modelled effects (like the mechanical backlash effects,
temporary skid/slip phenomena of the wheels, jitier effect

« the integral-based computations — by comparing the
pairs of pathgz1peps ¥10GPs) VS. (T1modeh Y1model), and
the plots 61pcps(t) VS. O1model(t), and Bisensoft) VS

51model(t),
« the non-integral-based computations — by comparing

the plots of the angular speedsencodet?) VS. witachd?)
VS. wimodel(t), and the joint-angle rateSiencodelt) :=
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Figure 8. Input signals applied to the simulation model of an articulated bl
for the validation purposes: (a) for the parking scenario Scl, (b) for the loo

20

30 40 50

and limited sampling frequency of measured signals, etc.)
can cause an accumulation of the response mismatch between
the simulating model and the real system due to a process
of the model integration, see [31], [41]. The drift error is
especially visible in the plot of1megel(t) for the scenario Sc3.

In this case (in contrast to scenarios Scl and Sc2), the wagon’s
motion curvature changed its sign during the maneuver (see
the negative and positive signs of the angular velocitigggel

and wigacho IN Fig. 11); we suppose that in these conditions
the backlash effects of the joint angle sensor and of the
steering mechanism caused an additional accumulation of
the integration errors in the wagon’s orientation variable (cf.
Fig. 7 to verify thatw; := k1 (yr, 81)v1 in the implemented
model, and note tha#;(t) = 6,(0) + fot wi(7)dr). As a
consequence, the integral-based responses of the model can be
reliably utilized only for a short-distance (short-time) quality
assessment. Alternatively, one can useradiction model
(instead of the simulation model). A prediction model has
been implemented for the scenario Sc3 to show a possible
improvement of the model’s accuracy by utilizing the selected
measurements available on a vehicle board. To this aim the
%gular velocityw; (¢) in the implementation scheme from

ride scenario Sc2, and (c) for the bus-bay transit scenario Sc3; for clarigid. 7 has been replaced directly with thgucnd(t) signal
V1tacho IS €Xpressed in decimeters per second.
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3 %5 T[= = imoae 1901 — = Pimoqer [929] “1encoder
40 - 1 006 |= = “imoge [raD/s] J
T 90 B 15 4
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85 1 0.02
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— 0
(x,,y,) model [m] 50 1 time [s]
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Figure 9. Sc1l: Validation results for the simulation model ofaaticulated vehicle in the case of a parking maneuver obtained wit/thimo 18 Electric

urban bus.

computed according to (51). The improved results obtainézhg-distance (long-time) model evaluation.

in this case (for both the orientation angle and the positional
path) are illustrated by the magenta dash-dot plots in Fig. MI. RELATING THE KINEMATIC AND KINETIC MODELLING
APPROACHES

In contrast to the mentioned drifting problems, the responseThe nonlinear kinematic modelling approach has been for-
mismatches obtained for the non-integral-based computationalated upon thdirst principles of the geometry of veloci-
of the model (see the plots of mogel aNdwimege) are free of ties. The essential approximations characterizing the method
the numerical-integration drift and can be used for a reliabt®me from the simplifying assumptions A1-A6 formulated in

(labelled as theorediction-modeél

50 T T
E P~
o e - ¥ 1paps [ded]
5
% - 9 1mocer (9291 |
40 -
30
(Xl'yl) DGPS [m] time [s]
20 1 — — (x,.y,) model [m] L L L
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»/ 30 - — — Bimoqe (480 -
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Figure 10. Sc2: Validation results for the simulation model mfasticulated vehicle in the case of a loop-ride maneuver obtained witbithieo 18 Electric
urban bus.
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Figure 11. Sc3: Validation results for the articulated bus ehaul the case of a bus-bay transit maneuver obtained wittuthéno 18 Electricurban bus (the
results denoted by the dash-dot magenta plots represent a responsepdicgon-model, i.e., the model with; () := witachd(t) instead ofwimogel(t));
the three sets of outliers visible on the plot of angular velogityncoder(@nd, consequently, on the plot 0B thncode/ dt) around 12th, 38th, and 43rd seconds
result from occasional perturbations affecting a velocity measurement system of the bus.

Section II-A. As a consequence, one can try to relate th@ematic models have a much simpler structure, with only
proposed modelling methodology to alternative approachiesv kinematic parameters, which are easily and precisely mea-
known from the literature through the validity of assumptionsurable, and usually do not change in time. Therefore, if one is
A1-A6. In this context, an underlying alternative is tkieetic interested mainly in the low-speed smooth motion description,
(dynamic’) approach to modelling of the vehicles, whichhe use of kinematic modelling becomes a good compromise
takes into account the effects of masses, inertias, frictidmgtween the fidelity and complexity. The next important differ-
drag, elasticity, gravity, etc. Let us qualitatively compare thence between the models presented in [44] and those resulting
benefits and limitations of the proposed kinematic modellirfgom the proposed kinematic approach comes from a physical
with properties of the modular kinetic modelling approachature of their control inputs. The kinetic models are usually
recently proposed in [44]. The two methods are comparaldeven by the tire forces (or othgeneralized forcedefined on
in the sense of their application range and a modularity levain upper level) which, despite their closeness to the physical
The main comparative conclusions can be formulated uperigins of motion, are very difficult to measure in practice. As
the table presented in Fig. 12. The most significant benefit @fconsequence, computations of the kinetic models in parallel
the kinetic models result from their high-fidelity and validityto a real vehicle (required by numerous applications of the
in a wide range of velocities and accelerations. Thanks f@odels) may become very problematic. Whereas the kinematic
this property, the kinetic models can describe and explaiodels accept the velocity-like control inputs, which are easily
those physical effects which are not modelled by the pureleasurable (or reproducible) by using the conventional sensors
kinematic models. This benefit, however, to be practicalgvailable in the contemporary vehicles. A scalability level of
useful requires the high precision knowledge of the numerotie kinetic and kinematic modelling approaches, with respect
model parameters (hardly measurable, and often time-varyin§),2 number of wagons/trailers, seems to be different as well.
good approximations of the complex physical phenomena (liké@e kinetic models from [44], although scalable, are much
the wheels-ground interaction, aerodynamic drag, skid-shpore complex. Thus any extension of a kinetic model with
motion of the wheels, etc.), and a limited complexity of additional wagons is non-trivial. Whereas, scalability of the
resultant model to be applicable with a usage of reasonakigematic models proposed in the current paper is very high
computational resources. From the high-complexity moded®d can be easily automated. Finally, an engineering utilization
one shall expect higher sensitivity of their response to tieé the kinetic models and the kinematic models is motivated
parametric and structural uncertainties, leading to their limitéty different objectives. The former are often preferable in the
effectiveness in some practical applications. In contrast, thigh-fidelity training simulators and in the control problems
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Proposed modular KINEMATIC modelling Alternative modular KINETIC ('DYNAMIC') modelling

Benefits

Limitations

Benefits

Limitations

B1. Leads to simple-structure models:

- low cost of a model usage in practice
(preferable for the embedded applications),

- closed form of a non-linear model,

- models derived from the first principles (clear
physical interpretations),

- preferable in the low-speed motion planning
and motion control for intelligent and
autonomous vehicles.

B2. Velocity-like inputs:
- easily measurable in the real vehicles,
- natural for the electrical servo drives,

B3. Low parametric uncertainty:

- relatively small number of parameters,

- values of most kinematic parameters are
constant and measured with high precision.

L1. Restricted usage to the low-speed
and low-acceleration motion
conditions (non-holonomic
constraints only approximately
satisfied).

L2. Describes only a planar motion of
a vehicle perpendicular to the gravity
acce-leration vector (up-hill/down-hill
motion, slippery motion, and the roll
and pitch degrees of freedom are not
addressed).

L3. Does not describe any kinetic
effects like dissipation of energy,
inertia of vehicle's bodies,
resonances, elasticity of vehicle's
bodies, dead-zones, slippage/skidding
of the wheels, etc.

B1. Leads to high-fidelity models:

- applications within a wide range of velo-
cities and accelerations of a vehicle,

- models derived from the first principles
(clear physical interpretations),

- describes kinetic and kinematic effects,
- wheels slippage and skidding are
admitted.

B2. Model inputs usually in the form of
generalized forces — closer to the physical
origins of motion of a vehicle.

B3. Preferable in high-fidelity motion
simulators and in control applications for
the 'dynamical’ tasks like the rollover
prevention, yaw stability control, anti-slip
braking, dynamic-jackknife prevention,
etc.

L1. Complexity of the models:

- higher cost of a model usage in practice
(especially for multi-body vehicles),

- fast dynamical modes require fast sampling,
- higher sensitivity to model uncertainties,

- often approximated by a linear form (only
local validity).

L2. Difficulties with control inputs (forces):

- hardly measurable in the real vehicles,

- practical control inputs are related to actua-
tors which have to be modelled (complexity).

L3. Higher uncertainties possible:

- large number of model parameters,

- values of parameters often unknown (hardly
measurable) or/and time-varying,

- structural errors occur when modelling
complex kinetic effects (approximations).

B4. High scalability with respect to a number of
wagons/trailers. L4. Lower scalability with respect to a number
of wagons/trailers.

B5. Simulation of the model requires only a
single integration process (minor numerical

drift) L5. Simulation of the model requires a double
re).

integration process (larger numerical drift).

Figure 12. Qualitative comparison of the benefits and limitetioharacterising the proposed kinematic modelling methodology and the alternative modular
kinetic ('dynamic’) modelling approach proposed in [44].

related to the 'dynamical’ tasks (e.g., the rollover preventiom the domain of articulated buses, but may concern some other
yaw stabilization, anti-slip braking, etc., [39]). The kinematispecial constructions of vehicles (not covered directly by the
models, in turn, are preferable in the problems of real-time mproposed modelling approach). The authors are currently using
tion planning and higher-level control design for the low-spedte derived models to motion algorithmization of articulated
maneuvering, and in particular for the so-called embeddadban buses with applications to the advanced driver assistance
solutions. Summarizing, both the kinetic and kinematic modedgstems (ADAS).
of the articulated vehicles have their benefits and limitations.
When we treat them as complementary engineering tools, APPENDIXA
they can be usefgl to solve different practical problems. A p steering mechanism of th&rbino 18 Electric bus is
reasonable selection of a model shall be a consequence @fz8ed on the hydraulic RB-Servocom system, with an angular-
compromise between a usage-price and efficiency. position sensor mounted in a steering gear or on a steering
column. Upon the test measurements, collected by the Ho-
mologation and Test Department of the Solaris Bus & Coach
Company, [27], we derived a static mapping, = f-(csenso.
tween the steering angleensor (Measured by the angular-
osition sensor) and the (virtual) steering anglg of a

VIl. CONCLUDING REMARKS

We have proposed the generic framework for modelli
kinematics of the (multi-)articulated vehicles with variou
locus of a driving axle and various steering capabilities. T

) ! . . . prime-mover’s effective steering wheel, using the well known
main benefits of the mEthOd. come from its scalability (wit rmulas of the Ackermann steering geometry. The resultant
respect to a number of vehicle’s segments), and mOdmaré%ering mapping/r(ded = f. (asensolded) for the Urbino
i f ¢ dels which tractable i i 9'8 Electric bus was approximated by the following equation
lon of compact models which are fraclable In rea-ime @imiting here the coefficients to two significant digits):
relatively low-power computing devices. The latter property i

especially important in the context of embedded applications ~ 3.2 - 10 %20t 9.8 - 10~ aZgneort 0.71atsensort 0.69,

for the intelligent or automated vehicles. The models can beﬁere the particular coefficients of the above formula were

useful, in particular, for purposes of _the hlgher-level Contr.(\?lYund by using a conventional least squares fitting method.
design and model-based control, motion planning, and vehicle

localization, mostly in the tasks of low-speed maneuvering
in the conditions of sufficient friction forces between the
wheels and a ground, where any practical effects caused By
a potential micro skid-slip motion can be neglected. The[‘Q]
inherent limitations of the kinematic modelling come from
the limiting assumptions formulated in Section IlI-A, for which 3
the models have been derived. As a consequence of violatillwd
the assumptions A1-A3, the models may become non-efficient future perspectiveslEEE Intell. Transp. Sys. Mag., 6(4):6-22, 2014.

in those applications which require a highly dynamic motiorf4] Solaris Bus&Coach. Alternative powertraiRroduct catalogue, 2018.

. . . . 5] W. Chung and K. lagnemma. Wheeled robots. In B. Siciliano and
in a rough terrain, or a motion on the slippery and/or slopp

! i 0. Khatib, editorsSpringer Handbook of Robotics. 2nd Edition, pages
surfaces. Violation of assumptions A5-A6 seems to not happen 575-593. Springer, 2016.
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